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PREFACE. 



A 1^ experience of more than fifteen years, in teaching 
large Classes in the U. S. Military Academy, has afforded 
the Author of the following pages unusual opportunities to 
become familiar with the difficulties encountered by most 
pupils, in the study of the Differential and Integral Calcu- 
lus. The results of previous endeavours to remove these 
difficulties were given to the Public in a former edition. 
The favour with which that edition has been received, in- 
duces him to offer a new one, containing, not only such 
modifications as have been suggested by a thorough trial 
in the recitation room, but, in addition, an elementary trea- 
tise on the Calculus of Variations. That he has, in some 
degree, realized the hope of advancing a more general and 
thorough study of one of the most important auxiliaries to 
scientific research, is an ample reward for the labour 
which he has bestowed upon the work. 

The Author has in preparation, and expects soon to 
publish, an Elementary Treatise on Analytical Geometry. 

U, S. Military Academy, 
West Point, N. Y., August 1, 1850. 
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DIFFERENTIAL CALCULUS. 



FIRST PRINCIPLES. 

1. In the branch of Mathematics here treated, as in Analjrtical 
Geometry, two kinds of quantities are considered, viz. variables and 
constants ; the former admitting of an infinite number of values in 
the same algebraic expression, while the latter admit of but one. 
The variables are generally designated by the last, and the con* 
stants by the first letters of the alphabet. 

2. One variable quantity is a function of another, when it is so 
connected with it, that any change of value in the latter necessa- 
rily produces a corresponding change in the former. Thus in the 
expressions 

tt is a function of x^ and x is also a function of u. One of these 
variables is usually called the function, and the other the indepen- 
dent variable, or simply tJie variable ; since to one, any arbitrary 
values may b^ assigned, and from the connection between the 
two, the corresponding values of the other deduced, 
1 
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This wlation is expressed generally thus, 

« =/ (j) tt = 9 (a ) or / (m, x) = 0, 

/ and 9 being mere sjmhoU, indicating that u is a function of x. 
The first two expressions ftre read, u a function of x, or u equal to 
a function of x ; and the third, a function of u and x equal to zero. 

3. Functions are Increasing and Decreasing : 

Increasing^ when they are increased if the variable be increased, 
or decreased if the variable be decreased: Decreasing when they 
are decreased if the variable be increased, or increased if the va- 
riable be decreased. In the expressions 

tt = ox* tt » (x + a)', 

tt is an increasing function of x. In the expressions 

X 

y is a decreasing function of x. In the expression 

a; is a decreasing function for all values of y less than a, but in- 
creasing for all values greater than a, 

4. Functions are also Explicit and Implicit : 

Explicit^ when the value of the function is directly expressed in 
terms of the variable : Implicit^ when this value is not directly 
expressed. In the examples 

tt = (a — x)" y = Vd' — x« 

u and y are explicit functions of x. In the examples 
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ai*« + 6x = ca;^ y« = a' ^ a:* /*^ , ,, -^ -u 



* y ' 1 >fr, ^A^ 



att« + 6a? - ex* = /' N V + a;* - a* = 0, ^i^^/'' V" / '* ^ 

tbey are implicit functions of a?. -^^ "^^'{^J J\ -^ 

The relation between an implicit function and its variable may 
be expressed, either by a single equation, as above, or by two or 
more equations, as 

in which u is an implicit function of x. The first relation is indi- 
cated generally by 

/(w,a?) = 0, 

and the other thus, 

«=/(y) y = (p{^)' 

5. Functions are also Algebraic and Transcendental : 
Algebraic, when the relation between the function and variable 
can be expressed by the ordinary operations of Algebra, that is, 
by addition, subtraction, multiplication, division, the formation of 
powers denoted by constant exponents, and the extraction of roots 
indicated by constant indices : Transcendental, when this relation 
cannot be so expressed. In the examples 

u = log a; tt = sin (a — a?) « =s a' 

tt is a transcendental function of x. If the variable enter any of 
the exponents, the function is called Exponential. If the lo 
garithm of a variable enter, the function is Logarithmic, In the 
expressions 

1 
tt = sina? tt = cosa; u=. tang - 
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u is said to be a Circular function. 

6. A quantity may be a function of two or more variables, as 
in the examples 

u=ias^ +bjf « = axy^ — ua;* 

denoted in general thus, 

«=/(a?,y) « = F(x,y,ii). 

If in a function of a single variable, the latter be made equal to 
zero, the function reduces to a constant, as in the examples 

II = a^ II = c + ftjc* ; 

if y = 0, we have ii=:0;ifa;=5 0, ii = c 

If in a function of two variables, one be made equal to zero, the 
function, in general, reduces to a function of the other. So in a 
function of three variables, if one be made equal to zero, the result 
will be a function of the other two : K all be zero, the function 
reduces to a constant ; as in the example 

2 = gives 

u=^ ax + lnf^ + d =/(a:, y) ; 

« = and y = give 

II =r ax + d =/(*); 

f = 0, y =s 0, and « = 0, give 

11 = d = a constant 

If then in a function of one or more variables, a variable be 
made equal to zero, the result will be entirely indepetident qf that 
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variable. If however in a function of several variables, one be a 
factor of all the terms containing any of the others ; when this 
variable is 0, the function reduces to a constant, as in the example 

y = givei 



7. To explain what is meant by the differential of a quantity or 
function^ let us take the simple expression 

t« = aa^ (1) 

in which tt is a function of x. Suppose 2; to be increased by 
another variable h ; the original function then becomes a{x-\- Kf ; 
calling this new state of the function u', we have 

u' = a (a; + A)« = oar* + laah + aA*. 

From this, subtracting equation (1), member from member, we 

have 

f 

It' — tt = ^axK + aA' (2). 

The second member of this equation is the difference between 
the primitive and new state of the function on', while A is the dif- 
ferent between the two corresponding states of the independent 
variable x. As the variable A is entirely arbitrary, an infinite 
number of values may be assigned to it. Let ofne of these values, 
vohich is to remain the same throughxmt the Calculus^ be denoted 
by dx^ and called differential of x, to distinguish it from all other 
values of A. This particular value being substituted in equation 
(2), gives for the corresponding difference between the two states 
of tt, or aa?, 



/ 
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u* — 1« = *Xaxdx + a {dzy. 

Now, the first term of this particular difference is called tht 
differential of w, and is written 

du = 2axjdx, 

The coefficient (2ax) of the differential of x,m this expression, is 
called, the differential coefficient of the function u, and is evidently 
obtained by dividing the diflferential pf the function by the diffe- 
rential of the variable ; and is in general written 

du 
dx 

Resuming the expression 

u' — u = 2axh + ah\ 
and dividing by h, we have 

— r — = 2ax + ah. 

n 

In the first mfinber of this equation, the denominator is the 
variable increment of the variable 2;, and the numerator the cor- 
responding increment of the function u ; the second member is 
then the value of the ratio of these two increments. As A is 
diminished, this value diminishes and becomes nearer and nearer 
equal to 2ax, and finally when A = 0, it becomes equal to 2ax, 
From this we see, that as these increments decrease, their' ratio 
approaches nearer and nearer to the expression 2a2r, and that by 
giving to A very, small values, this ratio may be made to differ 
from 2ax, by as small a quantity as we please. This expression 
is then properly, the limit of this ratio, and is at once obtained 
from the value of the ratio, by making the increment A = 0. It 
will also be seen, that this limit is precisely the same expression as 
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the one which we have called the differential coeffident of the 
function u, 
/> What appears in this particular example is general, for let 

«=/(x), 

u being any function of x, and let x he increased by A, then 

t*'=/(a? + A). 

Suppose f {x + A) to be developed, and arranged according to the 
ascending powers of A^ and t£ to be subtracted from both members, 
we then have 

tt' — « = PA + QA« + RA' + kc (3) 

P, Q, R, (fee, being functions of a?, and every term of the second 
member containing A, because u' — u must reduce to when 
A = 0. Substituting for A the particular value dxy and taking the 
first term for the differential of «, we have 

du = Pdr, and ~ = P. 
dx 

Dividing both members of equation (3) by A, we have 

"'""" = P + QA + RA'' + <fec (4). 

A 

<jlbtaining the limit of this ratio by making A = 0, and denoting 
ft by L, we have 

L = P, 

the same value found above for — ; hence, the differential eoeffi- 

dx 

dent of a function is alxoays equal to the limit of the ratio of the 

increment of the variable^ to the corresponding increment of the 

function, • 



8 DIFFERENTIAL CALCULUS. 

8. The diflFerential of a function of a single variable may then 
be thus defined. If the variable be increased by a constant quanti' 
ty^ called the differential of the variable^ and th^ difference between 
the new and primitive states of the function be developed accord- 
ing to the ascending powers of the increment ; that term of this 
difference which contains the first power of the increment is the dif- 
ferential of the function. 

It will in general be found most convenient to obtain first, the 
differential coefficient, for which we have the following rule : 

Give to the variuble a variable increment, fiiid the correspond- 
ing state of the function, from which subtract the primitive state, 
divide the remainder by the increment, obtain the limit of this ratio 
by making the increment equal to zero, the result w\\l be the dif- 
ferential coeflRcicnt: This, multiplied by the differential of the 
variable, will give the differential of the function. 

The object of the Difterential Calculus is, to explain the mode 
of obtaining and applying the differentials of functions. 

// 

9. Let the preceding principles be illustrated by the following 

Examples, 
1. Let tt = bs^. 

For X put X + h, then, 

u' = 5 (a: + hf =zba^ + Sh?h + Sbxh^ + bk^ 
tt' -. M = Zbx'^h + Bbxh\ + bh^ 

^'"^ " = Sbx^ + Sbxh + bh^ ; 
h 

passing to the limit, and denoting it by L, we have 

dx* 



OIFFJEKBNTIAL CALGULUa. 

Whence 

du == Sbx^dx. 

2. Let 

tt =^ a** — Of. 
Putting X + h for a:, and subtracting, we have 
tt' — M = 2aa:^ + oA' — dk 



4 
making A == 0, we have 



= 2aj? + a^ — c ; 



whence 



8. Let 



L = 2ax - c = ^, 
dx 



du =: 2axdx — e^Lr. 



then 



w — tt — 



X + h 
a a "^ ah 



X + h X 3^ -^^ a^ 

u' — tt __ — a 
' /r~ ^ «» + xA 



and 



^-^ I 
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L = 


a 


du 
dx 


inoe 




du = 


adx 




. If 










u = 


= 8ax»- 


mx* 


du = 


(9e 



1 0. Equation (4) article (7) may be put under the form 

and if the expression Q + RA + Ac, (which is a function of x 
and h,) be represented by P^ this becomes 

^^-f^ = P + P'A .(1); 



whence 

u' = II + PA + P'A«; 

that is, the new state of the function is equal to its primitive state^ 
plus the differential coefficient of the function into the first power 
of the increment of the variable, plus a function of the variable and 
its increment, into the second power of the increment. This expres- 
sion for the new state of the function being an important one 
should be carefully remembered. 



11. 1£ we resume equation (3) Art (7), divide by h and trans- 
pose P; we have 
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\ 



Since when A = 0, the expression for the ralio — ^- — reduces to 

h 

P, Art. (7) ; we can plainly assign a value to A so small that 



<2P or !L_^-P<P; 



A " h 

whence 

QA + RA* + <kc < P, 
and multiplying by h 

PA > QA' + RA» + &c., 
which condition will be fulfilled by any value of A which will 

make — - — < 2P. That is; in a series arranged oMording to 
A 

the ascending potoers of a variable, it is always possible to assign 

to the variable, a value so small as to make the first term numeric 

colly greater than the sum of all the others, 

12. If u be an increasing function of x, its new state u' will be 
greater than u, and 

^^-^ = P + FA .Art. (10) 

A 

will be positive for all values of A. 

If u be a decreasing function, the reverse will be the case, and 
the ratio be negative for all values of A. 

But we see by the preceding article, that when A is sufficiently 
small, the sum of all the terms that follow P, in the above equa- 
tion, will be less than P, and therefore the sign of P will be the 
same as that, of the ratio ; that is, positive when u is an increasing 
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and negative when u is a decreasing function. But P is tbe diffe- 
rential coeflBcient of w, Art. (7). Uence, the differential coefficient 
of an increasing function is always positive ; and of a decreasing 
* function^ negative. 

It should be observed, that the signs of the differential and dif- 
ferential coefficient are always the same. 

» 

13. Let 

II = r, 

u and V being functions of the variable x, which are equal to each 
other for every value of x. If x be increased by h, and vf and v* 
be the new states of u and v, we have 

tt' ss o' ii' — M = ©' — r, 

or placing for ii' and v* their values as expressed in Art (10) ; 

PA + FA« = QA + Q'A', 
or 

. P + FA = Q + Q'A, 

and since "P and Q are entirely independent of A, when A = 
there results 

P = Q or Pda? = Qdx. 

But P is the differential coefficient of u, and Q the differential 
coefficient of v, Art. (10), therefore 

du = dVf 

that is ; (f ttoo functions of the same variable are equals their dif 
ferentiaU will also he equal, 

14. But if M = f> db C, 
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u and V beiu*); functions of Xy and C a constant : and x be in- 
creased by h, we have 

u' = y d= C, 

or placing for v' its value, 

tt' — tt 



h 
and passing to the limit, 



= Q+Q'A, 



whence 

du ■=. Qjdx. 

Q being the differential coefficient of v, Qjdx is its differential, 
therefore 

duz= d{v ±C)^ do, 

that is ; if two differentials are equal, it does not follow that the ex- 
pressioM from which they were derived, are equal. We see also, 
that a constant connected by the sign db with a variable, disap- 
pears by differentiation. In fact, the differential of a constant is 
zero ; since, as it admits of no increase, there is no difference be- 
tween two states, and of course no differential. Art. (8). 

15. Let u = Av, 

then 

«' = Av' =- A(tJ 4- Q^ +Q'/^') Art. (10), 
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L := AQ = __ ; wLenoo du = AQiir. 
<Lc 

But Qc2x 18 the differential of v ; therefore 

du=d (Av) == Adv, 

that is, the differential of the product of a tofutant by a variable 
function, ie equal to the constant multiplied by the differential of 
the function, 

16. When two variable quantities are so connected that one is 
a fiinction of the other ; either may be regarded as the function, 
and the other as the independent variable. Thus from the expres- 
sion u = ax*, we readily obtain x =■ \/}t ; in which x may be 

^ a 

considered a function of the variable u. 
In general, let 

«=/W (1); 

then by deducing the value of x, 

*=/'(«) (2)- 

In this last expression, let the variable u be increased by any 
variable increment m' — t* = it, x will receive the corresponding 
increment x' — x, and the ratio of these increments will be 

'-^- (^)- 

If the increment x' — x be denoted by A, and we substitute 
X + A for X, in equation (1), we shall obtain 

u' - tt = PA + P'A*^ = it, 

aiid substituting these values of x' — x and k in expression (3), 
we have 



X 
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ixf ^x _ h _ 1 

k ""PA + FA'"" P + P'A' 

Passing to the limit bj making k, tbe increment of u, equal to 0, 
in wliich case A = 0, we have 



P du 



But P = ^, hence 
ax 

dx^ 1 

di; 

that is, the differential coefficient of x regarded aa a function of u^ 
is the reciprocal of the differential coefficient of u regarded as a 
function ofx. 
To illustrate, take the example 

u =^ aaf\ 

whence 



^ a 



In article (1) we have found --. == 2aXj then 

dx 

^-L - 1 _ 1 _ 1 
du^ du"^ 2ax^ /u^2Vau 

dx 2aV^ 



17. Let tt be an implicit function of x of the second land, 
Art (4). as 

^ =/(y) (1) y = 9 («) (2). 
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If a; be increased by A, y will receive an increment y' — y, which 
we denote by k ; and these increased values of y and x in the se- 
oond members of (1) and (2) will give 

»' = tt + Qife + Q'A:« y* = y + PA + FA'; 

whence 

k h 

and by multiplication, 

k h 

or since y* -^y z^k 

tjl^ = QP + QT* + QP'A +"&o. 



Passing to the hmit by making A =: 0, which gives A: =: 0, we 
have 

L = QP = *'. 

dx 



But 



whence 



ay dx 



du _^du dy 
dx dy dx 

that is, the differential coefficient of u regarded as a function ofx, 
is equal to the differential coefficient of u regarded as a function of 
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y, multiiilied by the differential coefficient ofy regarded as tfunc' 
Hon of X, 

If 

u ^f{x) (3) and i> = 9 (x) (4); 

in which case u is evidently an implicit function of v ; we find 
from equation (4) 

^ = 9' W (5), 

and applying the preceding principles to equations (3) and (5), 
we have 

d%i __ du dx far\ 

dv dx dv 

But 

^ = i Art. (16), 

dv dv ^ ^\ 

dx 
which value in (6) gives 

du 
du dx, 
dv "~ dv 

di 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

18. Let 

in which v to and x are functions of x. Increase x by A, then 
3 
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tt' = r' it W' it «' 

tt' — tt = (r — r) db (ttT' — w) it (z' — «), 

from which, after substituting for (v* — v), (u^ — to), drc, their 
values as in article (10), and dividing by A, we have 



W — tt 



= (Q +Q'A) ± (R +R'A) ± (S +S'*), 



Passing to the lioiit 

L = QdbR±S=-; 
dx 

whence 

du = Q4x ±Bdx:h Sdx; 

or since, 

qdx = dr, Rda? = dw, 8dx = dx Art (8), 

du = dv dz dw dz dx, 

that is ; the differential of the sum or difference of any number of 
functions of the same variable is equal to the sum or difference of 
their differentials taken separately. Thus, if 

u =i oji^ — ha^ 
du = d (act") — d (bs?) = 2axdx - SbaPdx Arts. (7 A 9). 

19. Let uv be the product of any two functions of a:, then, if x 
be incre«ased by A, u't?' will be the new state of the product 
But 

and by multiplication. 
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w'r' = I/© + vTh + ttQA + PQA^ + Ac, 
ihence 



u'V — I/O 



= oP -}. vQ + terms containing h. 



h 
Passing to the limit we have 

ax 

whence 

duv = rPda? + tiQ(2£ = udi* + udv, 

that is ; The differential of the product of two functions of the 
same variable^ in equal to the mm of the products obtained by 
multiplying each function by the differential of the other, 

20. Let uvs be the product of three functions. Place 
uv = r, then uvs = r«, 

and 

di^vs) = d{rs) = rdff + sdr (1). 

But since 

r = wu, dr = udv + vdu\ 

hence by substitution in equation (1) 

di^va) = uvds + ^^^'o + «r(2u. 

If we have the product of four functions vvsto^ we may place 
«io = r, and by a process precisely similar to the above, obtain 

di^vsw) = uvsdtD + uvwds + utosdv + vtosdu (2), 

and we readily see, that by increasing the number of functions, 
we may in the same way prove, that the differentia of the pro- 
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duct of any number of functions of the same varUMe, is equal to 
the sum of the products obtained by multiplying the differential qf 
ea4:h into all the others. 



21. If we divide both members of equadon (2) of the preced- 
ing article bj vvsto, we have 

d{uvsw) _ dw , ^ , ^^ , <^« 

UVSW W 8 V U 

and we should have a similar result for any number of functions ; 
whence we may conclude in general, that the differential of the 
product of any number of functions divided by the product^ is 
equal to the sum of tlie quotients obtained by dividing the differen" 
tial of each function by the function itself 



22. Let tf = ©"•, 

V being any function of x, and m any number, entire or fractional, 
positive or negative. Increase x by h, then 

tt' = u'" =z {v + Qh + Q'hY Art. (10), 

or placing in the binomial formula 

(x + a)" = ar- + majT-' 4- !?!^^Ill) a'x*-« + Ac, 

V for X, and (Q* + Q'h") for a ; 
we have 
tt' = [tj + (QA + Q'A')]" = r- + m(QA -f Q'A')t^"-» + Ac. 

"'""" = ot(Q + Q'A)!?"-' + <fec^ 
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each of the following terms containing A as a factor. Then 

ax 

du = (i»* = mv^^^Qdjc = mv^^^dv (1), 

since Q4x = dv^ Art (8)* That is, to obtain the differentia) <»f 
any power of a function : Diminish the exponent of the power by 
unity, and then multiply by the primitive exponent^ and by (he dif* 
ferential 'jf the function. 



Examples. 

1. If tf = ax\ 
then Art, (16) 

du = a,dx* = aAa?dx = 4aa^dx, 

2. If tt = 5x» 
dtt = ? bxi-'dx = ? iar-*ia? = "^ 





3 3 8^ 


8. If 


u = ca?"^ 




du 3cx-'dx - ?fjf . 


4. If 


tt = (ox - a:7 




du = 5((u: — a-')* d (ox - a:»); 


bat 




henci) 


f£(ax - a:») = adx - 2xrf« Art (18); 




du == 5(flx - ar»y (a - 2.r) dx. 
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23. If in equation (1) of the preceding article we maike 

m = -y we have 
ft 

i 1 l-i , 1 i=? , d» 
dv'* =■ -o" av ss --v n av = --J-, 

or 

^ "/-- ^^ 



If ft = 2, we have 

dv 



d V» = 



2Vv 



that is, the differential of a radical of the second degree is equal 
to, the differential of the quantity under the radical dgUy divided 
by twice the radical. 

If n == 3, we have 

dv 



dVi 



sVv* 



and in general the differential of a radical of the nth degree is 
equal to, tlte differential of the quantity under the radical sign di" 
vided by n times the (n — l)th power of the radical. 



Examples. 

1. If • u = v^ 

, _ daa^ Zax^dx 3 r— , 
^Vax" 2//r* 2 



2. K u= ^^fZn du = .— 
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— dx 



3 J^(ft - x)« 

3. Let u = ^~^ 4. Let tt = -yplax-^^, 

24. Let tt = * = jw-S 

* and » being functions of the same variable, then Art (19) 

du = xr^ds + 5du~*= r"~'d5 — «?""'d», 
or 

, (2« sdv 
du = --^; 

whence by reducing to a common denominator 

J J s vds — sdv ,,v 

that is, the differential of a fraction is equal to, the denominator 
into the differential of the numerator, minus the numerator into the 
differential of the denominator, divided by the square of the denomi- 
nator. 

If the denominator he constant, dv = 0, and equation (1) becomes 

, vds ds 
du = -^ = — 

V* V 

If the numerator be constant, ds = 0, and equation (1) becomea 

sdv 
du= ^-^ 

la this last case it is evident that tt is a decreasing function of v, 
and that its differential should be negative. Art. (12 V 
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Examples. 



1. If u=-5- 



a — « 



, __ (a^x) dx—xd (a — x) _ (a— jr) dx -f xdx _ flda: 



2. If 11=^ 



du==: 



6" 
dox* Aasfdx 



8. If « = -4. 

ox' 






(ax*)» 



26, By a proper application of ihe preceding principles every 
algebraic function may be differentiated. Let them be applied to 
the following 

Miscellaneous Examples. 

1. If tt = (a + hxry, 

dtt = p(a + hary-^dia + 5x*) -Art. (22); 

But 

d{a+ hsT) = nbjr'^dx\ 

hence 

du = ftiip(a + J.i'-)'^'ar"'i2?. 

The solution of this example and many others may be simpli- 
6ed. by applying the rule of article (17) thus : make 
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a \' bx"" = «, then u = 2**, 



Y/IieiUX5 



/^ //t djc 

An<i 

c/tt = iwp (a + Jx")*^' ar-»(/a:. 

2. If tt = (1 - x-y, 

rftf '^ i\(\ -i'')V(l — A») = - 6 (1 - ar^^xdx. 

8. Let 



«= ''^ 



Place 






hence 



a){x 4- Va + a^ dx - y/'dr + — ^f— '\ I 



or after reduction 

a^dx 



da = 



(a; + -/a + x )' Va + x« 

4 
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5. u=Va=^^^^^ da=_^Lc— (a--x"')^-'«t. 

n 

a: — rfx 

Y. « = 7 du = 



10. 



X 

8. Let tt = (a — Vb7y. 9. Let « = TfqfT^' 



1-a^ 



11. u={a-^^h^^Y 



•v/7+T-i ,, VT+^-fyr=ri 

12. u = ,. 13. u = ... z .' 

-v/?TT + 1 vi-M - V 1 - « 



SUCCESSIVE DIFFERENTIATION. 

26. It 18 readily seen firora what precedes, that the differential 
coefficient of a function of a single variable is, in general, a fnnc- 
tion of the same variable. It maj then be differentiated, and its 
differential coefficient obtained. 

Thus in the example 

du 

«=«*' di = 3«» (1), 

3ax^ is a function of a;, different from the primitive function. 
K we differentiate both members of equation (1), we have 



it) = 



Qaxdx : 
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But since dxK& constant, Art. (24), 

\dxj dx dx' 

the symbol (Tu, (which is read second differential of u) being used 
to indicate tliat the function u has been diflereutiated twice, or that 
the differential of the differential of u, has been taken. Hence 

_ = 6axdx, or _ = Qax^ 
dx dx* 

in which di^ represents the square of dx, and is the same as if 
written («Lt)^ 

The expression, 6ax, being the differential coefficient of the first 
differential coefficient, is called, the second differential coefficient. 

To make the discussion general, let u =f{x) andp belts dif- 
ferential coefficient, then 

'^=P (2). 

dx 

Since p is usually a function of x, let it be differentiated and its 
differential coefficient be denoted by q, then 

£=' » 

In the same way let q be differentiated and its differential co- 
efficient be r, then 



dx 
By differentiating equation (2), we have 



2 = »■• w- 

dx 



and by the substitution of this value of dp in (3), 
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(ftt 

^-=7, or ^,^q (6), 

which is the Booond differential coefficient of the function. 
By differentiating (5), we have 

5? = ^' 
and by the subetitution of this value of dq in (4), 

d? ^" 

_^r. or 5^ = r 

which is (he differential coefficient of (he second differential coeffi* 
eient^ and is called the third diffitential coefficient. 

In the same way the fourth, fifth, <fec. may l)e found, each from 
the preceding, precisely as the first is obtained from the primitive 
function. 

From the differential coefficients, we may at once obtain the 
corresponding differentials, ])y multiplying by that jK)wer of dx 
the exponent of which indicates the order of the required differ* 
ential, thus 



rf-tt=^eZ*" &c 



dr" 



27. Let 



u = ax", 
n being a positive whole number, then 

dx dx' 
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g=«(«-l){n -2)0^, 



g = »(« - 1) (» - 2) 2.1^. 

Since the last differential coefficient is constant^ its differential 
will be 0, and we have 

By examining these results it will be seen, that by each differ- 
entiation, the exponent of the variable is diminished by unity. 
When this exponent is entire and positive, it will finally be re- 
duced to 0, and the corresponding differential coefficient be con- 
stant. The next in order, as well as all which follow, will then 
be 0, and there will be a limited nuralxir deuced by n. If n be 
fractional, by the continued subtraction of unity the result can 
never be 0, but will finally, if the differentiation be continued, be- 
come negative; the successive differential coefficients will then 
always contain x, and there will be an infinite number. So also 
if n be negative. 



28. Tlie object of thi^ theorem is, io explain the manner of de- 
veloping a function of a sipgle variable^ into a series arranged ac- 
cording to the ascending ^towers of the variable with constant coeffi' 
dents. 

Let u =zf{x\ 

and let us assume a development of the proposed form, 

tt = B -I- Cj: + Dx* + Ec' + <kc (1), 
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in which 13, C, D Jcc. are entirely independent of x^ and depend 
upon the oonstanU which enter into the given function. It is now 
required to determine such values for the constants, B, C d^c. as 
will cause the assumed development to be a true one, for all 
values of x. Since these constants are independent of Xy thej 
will not change when we make a; = 0. If then in (1) we sup- 
pose X =s 0, and denote hj A what/ (x) or u, becomes under this 
supposition, we have 

A = B. 

Differentiating (1), and dividing by dx, we hare 

du 

— =04- 2T)x + 3E«" + <fec (2) ; 

making ;r = 0, and denoting by A' what — reduces to in this 
case, we have 

A' = C. 
Differentiating (2) and dividing by dr, we have 

^= 2D + 2.3Ea? + <kc.; 



making x = and denoting by A'' what — becomes, we bare 

A" = 2D ; whence D = ^ 
' 1.2 

In the same way, denoting by A'", A"" drc, what ~- — - Ac. 

oar dx* 



become when a: = 0, we shall find 



A'" A"" 



1.2.3. 1.2.3.4 
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Substituting these values in equation (1), we have 

u=f(x)=A+A'x + A" ^ +^"T£zii+ ^''-t^)' 

in which the general term, or the one which has n tenns before it, 
is, what the nth differential coefficient of the function to be deve* 
loped becomes when the variable is made equal to 0, multiplied by 
the nth power of the variable, and divided by the product of the 
consecutive numbers from 1 to n inclusive. 



Examples, 
1. Lot 

This, when a; = 0, reduces to a" ; hence A = a"*. 
By differentiation, &c. we obtain 

-^=^m{a + x) , -^ = m(ffi - 1) (a + «)-«, 

(Pa 

-^ =r m{m — 1) (m — 2) (a + tr)"^ &c 

Making a; = in each of these differential coefficients, we have 
A' = ma'*-S A"=m(in-.l)a'*-«, A'" = m(OT— 1) (m-2)a'^, &c. 
Substituting thene values in the formula (3), we have 



2. Let 



\ / -r ^ 1.2 ^ 



« = = a(b — sc)-' . 



Bj differentiation <Src., we have 
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Making a: = in the original functicoi, and in each differentuii 
coefficient, we have 

*"f *•=■? *"=i *- 



These values in the formula (3) give 



a a a a ^ a 



8. Let tt = -— ; — 4. Let w = , 

1 +x Vi^:^ 



1 +a; sl 

«• ** = rH^ ®- « = (l+.r)^ 

Whenever the function to be developed contains tlio second or 
higher power of tiie variable, the work will be much abridged l)y 
substituting for this power a single variable, then making the de- 
velopment, and in the result resubstituting the powt-r. Thus, m 
example 6, by putting z for x^ we have 

tt = (1 + z")^ = (1 + z)^' 
which is easily developed according to the ascending jvowers of z. 



29. Functions which become infinite, when tlie variable on 
which they depend is made equal to 0; or any of the differential 



( 



4 
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coeflScionto of which become infinite, under the same supposition, 
cannot be developed by Maclaunn's formula, as in such cases, 
either the first or some succeeding term of the series would be in- 
finite, while the function itself would not be so. o ' - * 0.' 

I 

tt = log ir ' tt = cot X tt = aofi v . • ^ ^ 

-I 
are examples of such functions. In the first two A, and in th$ r 
third A', would be infinite. 



TAYLOR'S THEOREM. 

30. A quantity is a function of the sum of two variables, when 
in the algebraic exjiression for it, a single variable may be substi- . 
tuted for the sum, and the original function thus reduced, witlvout 
a cJiange o/fonn, to a function of the single variable. Thus 

u' = a{x+yy 

is such a function, for if in the place of a? + y we substitute r, the 
function becomes t*' = az", a function of z of the same form. 

log (x - y) 

is also such a function of the two variables z and — y, which, 
when for a? — y we put z, becomes log z. 



81. Let 




tt'=/(r + y). 




Tot X + y place z, then 




«'=/(«) and ^=p... 
6 


...(]), 
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p the differential coefficient, being entirely independent of dx, U 
now X be regarded as a constant 





/ / - , ; /^ ./ d% = d{x 4- y) = dy. 


I 


/ ^ and efjualion (1) becomes 


r 





If y in turn be now regarded as constant 
d% = d(x + y) = <i», 
and equation (1) becomes 

That is, if a function of the sum of (too variables be differentiated 
as though one of the variables were constant ; and then the same 
function be differentiated as though the other variable were constant ; 
and the differential coefficients be taken ; these two coefficientu will 
be equal. 

To illustrate, let 

u' = {x + y)-, then du' = n{x + y)-» d{x + y), 

which if y be regarded as constant becomes, 

du' 
du' = n(x + y)"~'rfar; whence -r— =r n{x + y)"~*, 

dx 

and if a; be regarded as constant, the same expression becomes 

du' 
du' = n{x + y)"~'«^y; whence -— = n{x + y)"~*. 



82. The object of Taylor's Theorem is, to explain the manner 
of developing a function of the algebraic sum of two variable^ into 
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a seritit arranged according to ike ascending powers of one of the 
variables^ with coefficients which are functions of the other a^id de- 
pendent also upon the constants which enter the given function^ 
Let us write a development of the proposed form, 

u* =/(x -hy) = P + Qy + R/ + 83^ + &c (1), 

in which P, Q, R &c. independent of y, are functions of x. 

It is required to determine values for them, which substituted in 
equation (1) will make it true for all values of a? and y. If wo 
regard x as constant, differentiate both members of equation (1) 
with respect to y and divide by dy, we obtain 

— z=z Q-f 2Ry +3Sy^+<fec. 
dy 

If we regard y as a constant, differentiate equation (1) with 
respect to x and divide by rfx, we obtain 

But by the preceding article we have -_-=__; therefore 

dy dx 

Q+2Ry+3Sy' + ifec. = ^-?+gy + gy=-f<fec.; 

and since the coefficients of the like powers of y in the two mem- 
bers must be equal, 

Q = f- (2), 2R = ^ (8), 3S = ^ (4). 

ax ax dx 

If in equation (1) we make y = ; f{x -f- y) will reduce to a 
function of x. Art. (6), which we denote by u. Then 

tt = P. 

Substituting this value of P in equation (2), we have 
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ax 
Tljis value of Q in equation (3), gives 
idu 



2R='^=^; whence R=^; 
and this value of K in (4) ^ves 

3S = -^ — ; — - = 7-,; whence S = _.. 

dx l,2,d3^ 1.2.3.</«» 

By the substitution of these values of P, Q, R <fec in equation 
(1) we have Taylor's formula ; 

j\ -ry, ^dxl^dx'1.2 c/a:" 1.2.3... n 

By an examination of the several terms of this formula, we see 
th.it the first (u) is what the function to be developed becomes, 
wlien the variable, acoordinpr to the ascending powers of which 
the series is to be arranged, is made equal to 0. llie second 

I _ ^J is the first diftierential coefficient of the first term, multi- 

I'HjmI })y tlie first power of this variable; and the general term is 
the //til 'hfcrmtial coefficient of the first term, multiphed by the nth 
power of the variable, and divided by the product of the consecu- 
tive nuiiibc^rs from 1 to n inclusive. 

The development ofy(a: — y) is obtained from the formula by 
chani»iiig -f y into — y ; thus 

/./ X du d^u tP d^u if 
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Examples. 
1. Let tt' = (x + y)". 

Making y = we obtain u = x", and thence by differentiation, 

—^ = ot(ot - 1) (w - 2)x'-», ^ =:to(;/i-1) (m-n + l^"-", 

These values being substituted in the formula give 

«'=(x+yr=«-+«x-'y + ^!(^5£ry+ 

m(m— 1) (m — n + l)x'^"y'' 

r2Ti3 ji "^ 



If it were required to develope the function in terms of the as- 
cen<ling powci-s of x we should make x = 0, and obtain for the 
first terra y", from which the other terms are derived as before. 



2. Let tt' = 



« +y 



Making y = 0, we obtain, u == - for the first t<?rm ; thence 

X 





du a 


<Pu 2« 




2.3.a 

~ 3* ' 


d"u 2.3 m 

dor ~ ^ ir*' 



TlieFe vahics being sul>stituted in the formula give 

a a a a ^ ^ <* ^ 

« == 7^-y = :r - -^y + i^y =^i^»^- 
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>■/ , ^ e ' ( Z. Develope u' = i-.... according to the powers of — y 

u' - ^ " " ofar. 



33. Since in the formula of Taylor, the coefficients of the diflfereni 
powers of one variable are functions of the other, it is plain that 
if such a value be assigned to the other, as to reduce any of these 
coefficients to infinity, the second member will become infinite, and 
the formula fail to give a development for this particular value ; 
as, in this case, the first member will become a function of the 
first variable, which function cannot possibly be equal to infinity 
for a particular value of the second variable, on which it in no 
way depends. Thus, in the example -'' ' ^ " '' '- 

which, when developed according to the ascending powers of y, 
gives / , : ' . / ^ . , ^/t . V ^ \ .< 1. < ♦ . « - ' ' . ( ' . ^ \f'' 1 4 -i ^. 



tt'=Va + a;H y . _ y^. 



the particular value x -=■ — a reduces the coefficients of the 
powers of y to infinity, while the original function is reduced to 
Vy • We should thus have -y/y = c» , which cannot be. For 
every other value of a*, however, these coefficients will be finite 
and the development true. 

• The difference between this failing case and that of Maclaurin's 
formula is marked. In this, the failure is only for a particular 
value of that variable which enters the coefficients, all other values 
of both variables giN^ng a true development ; while in the foimer 
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30 



case, if the formula fails to develope a function for one value of 
the variable, it fails for every other value. 

34. K tt =/(a;), ^- ^^ = /<"•' '< /'-^ i f<'(('(^i< 
and 2; be increased by A, we have for {h^ second state 

«' =/(^ + h\ 
and by changing y into h in Taylor's fonnula, we obtain 

which is the development of the second state of a function. 
From this we have 

. du. ^ (Pv h^ , d'u h^ , . 

u' — tt= — k 4- -4- + &c. 

dx ^rfaM.2^rfr» 1.2.3 ^ 

If wo now put for h the particular value dx^ we have 

N 

U' ~ tf = dtt + — + + (fcc 

1.2 1.2.3 

35. If in the development of f{x + y) by Taylor's formula, we 

suppose « = 0, and represent by A, A', A", <fec. what w, ~, -^* 

dx dsr 

Ac. become under this supposition, we have 

f(y) = A 4. A'y + ^4.:^ + <fec 
j\^f -r :f -r J 2 ^ 1.2.3 

A, A', A", <fec. being constant, and since y is the only variable we 
may write x for it, and thus have 
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•^ ^ ' 1/2 1.2.3 

which is identical with Maclaurin's fonnula. 



DIPFERENTIATION OP TRANSCENDENTAL FUNCTIONS, 

36. Let us take, firsti the exponential function 

tt = a*, 

nnd increase x by k, then, 

m' = a'+'^ = aV (1). 

a* being a function of tlie single variable A, may be developed into 
a series, the first term of which [being what a* becomes when 
h = 0, Art. (28)], is a° = 1. We may then write 

a* = 1 -i- itA + it'A" + k"h^ + <fec., 

k, k% k*'j <fec. being constants depending upon a. By substituting 
this value of a* in (1), we obtain 

u' = a'(l +kh + k'h^ -f k'^h^ + &c.) ; 

whence 



u' — u 



'•rz^a'k +a'it'A + &c. 



h 
Passing to the limit of this ratio, we have 

L = a'ifc = — , and du = a'kdx (2). 

dx 

To determine the value of it, let us developo « •= a* by Mao- 
laurin's formula. We have 

dx 
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d('^JL ) ^ Arfo* = lca'dx\ whence ~ = l^a'i 
\dxj dr 

dy^ ^ Wa' = l^a'dx ; whence ^ :=. Ic'a'', &c 

Making x ^ in these expressions, we find for the coefficients in 
the formula 

A = a« = 1, A' = a?k = k, A" = A", A'" = k", &c; 

whence 

u s a'::= 1 4- itx + — + -^ + ifec 
1.2 1.2.3 

In this, let a; ss .--, then 

o^ = l + l-f.— + -L + &C 
^ ^ 1.2 ^ 1.2.3 

Summing this series, we have 

a'ias2, 7182818 



This number is the base of the Naperian system of logarithms, 
which is usually denoted by c ; we then have 

I 
a* = e, and a = e* ; 

hence k is the Naperian logarithm of a, denoted by la. Then 

du = da' = a'ladxy 

that is, tho diftVrontial of « const^mt raised to a power denoted by 
a variabln oxjonrnt, is otjUal to the power ^ mnltiplied hy the ATa- 
penan hf;arithm nf the rrmf info the differential of the exponent 
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37. l^esuming tlie expressions 

dx 

regarding u as the independent variable and z as tlic function, w<^ 
have, ArL (16), 

I 

dx \ , J du \ 

— =z ; whence rfar = — -_. 

du a'la u la 

K a bo the base of any system of logarithms, then x = log u 
in that system, and 

dx z=z d log: ^ = •* 

° u la 



* Note.— Throughout the book, the symbol I before a quantity will in- 
dicate the Naperian logarithm of that quantity. Since the logarithms of 
the same number in different systems are as the moduli, we have 







log a : ^ 


: : M : 1, 




and when a is 


the base of 


a system, 
1:2a: 


since log a 
: M : 1 ; 


.1 


whence 




M 


1 
"to 




Also, 




loge: 


te::M:l, 




and since U = 


1 









M = log e. 

The modulus of a system, then, admits of two forms of expression, both 
of which should be remembered. The one is, unity divided Ini the Naperian 
logarithm of the base of the system whose nunltdus is required i the other, the loga- 
rithm of the Naperian base taken in the system wfwsc modulus is required. 
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Bat — is the modulus of the B3^8tem whose base is a ; then 
la 



d loff ti = M — . 
^ u 

For the Naperian system, M = 1, and this expression becomes 



The differential of the logarithm of a quantity, is then equal to the 
modulus of the system into the differential of the quantity divided 
by the quantity ; and this in the Naperian system, becomes the 
differential of the quantity divided by the quantity. 



Examples. 
1. If « = /(a^) 

, (for' Scuv^dx dx 

du=—- = j-=3 — 

aair aar X 



2. If 






adx 

du j^ v^ - v _ 5Zfr= ^^ . 

g a a — a: 

a — a* a — a? 

Otherwise thus, u = if — ? — \ r= Za — 7(a — «) 

V" - V 

rf« = rfii - rf/(a - r) = -ifi- 



44 



3. Let 
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— Multiply both terms of the fraction by the numerator, then 



du =z 



__ 2d{Vl +x' + x)_ 2dx 



VT+ «* + « Vl-h a* 



\Vl +X'- Vl -x/ « V 1 - a* . 

^^ . c^ij, 6. Letii=:Z( ^^^^Y ^ 1, Uiu^l\a+x)^{a^xy. 






C' 



' ' ?■{ 'i-% 



8. II : 



10. Let 


«={&)-. 


Make 


& = 1, then II = «" ; 




x 


11. Let 


«=/(/x). 


Make 


& == z, then u^ bt', 
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12. Let II = fl". 

38. It has been seen, Art. (29), that log x cannot be developed 
according to the ascending powers of «. To obtain a logarithmic 
series, let us take u = log (1 + a:) and develope it bj Maclaurin's 
formula. By differentiation ho, 

Mdx du M 

du = -— J— » -J- = -— — = M(l + x)"' ; 

1+2? dx 1+a: \ ' J 

^^ - M{l+x) ~(i ^^yi' rfa:^ " (!.+ «)' 

Making x = 0, we have for the values of A^ A', A" &c, in the 
formula, 

A = logl = A' = M A"=-M A"'=2M,<fec; 

whence 

« = log (1+ «) = M(« - ^ + J ± I ), 

in which the logarithm of a quantity is expressed by a series, ar- 
ranged according to the ascending powers of a quantity less br 
unity. 



89.. By the aid of logarithms we may simplify the differentia- 
tion of complicated exponential functions. For example : 

1. Let tt = «", 

z and y being any functions of the same variable. Take the Na- 
perian logarithms of both members, then 
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and by differentiation 



du « , dz 



whence 

du = u{dyb + y ^ = x^lxdy + y?»^'d«, 

which is evidently the sum of the differentials^ taken hy first \ 
garding y as the only variable^ and then z, 

2. Let « = a*'. 

Taking the logarithms of both members 



ftl=J'&, 


-=la.dlf = la1fM*, 




du=i^'yialbdx. 


8. Let. 


« = «^, 


tben 





du Vdz 

la ^ Viz, — = + kifUds + 8tr^dt\ 

u % 



du = z'V(- + IzMs + \ hdt). 
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DIFFERENTIATION OF THE CIRCULAR FUNCTIONS. 

40. Since any arc of a circle, when less than 90^, is greater 
than its sine, and less than its tangent ; we most have for all 
values of y less than 90^, 



8in y sin y ^ sin y 

< 1 and 2 << , 

y ^ . tangy"^ y 



But 

Rsiny , siny cosy ,,x 

^*ngy = ; N whence t =''-^ — (^r 

° ^ cosy ' tangy R 

# 

Making y == 0, cos y becomes R, and we have for the limit of the 

ratio (1), 

^=R = '- 

and since ?- cannot exceed unity, nor be less than ?_, we 

y tangy 

also have its limit = 1 *, that is, the limit of the ratio of an arc to 

its sine is unity. 



41. Let 

Increase xhj h^ then 

a' = sin (j? + h), u' — tt = sin (a? + A) — sin a?, 

or by placing x + h for ]/ and a; for ^r in the formula, 

2 
sin p - 8Ju q = Y^ [sin i{p — ^)cos i(p + q)], 
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2 
u' — ti = _ sin jA COS (a? 4. JA). 

Dividing both members by h^ and then both tenna of the tj*ao- 
lion in the second member by 2, 

w' — tt sin \h cos {x + \h) 

- . 1 ,. . . /sin \h\ -. 

and passing to the limit, since I J =1, 

whence 

cos ^ (for 
att = a sin :r = — rr — • 

If u = cos z, 

cos (90° *— x\ 
rft< = doos a? = d sin (90** — «) = ^ ^ cf(ftO° — x) ; 

whence 

, sin a? ^ 
a cos a; = p— aa?. 

If tt = ver-fiin x 

du= d ver-sin x = d(R — cos ar) = — c? cos x ; 

whence d ver-sin x s= — ^— dx. 

* Note.— This nrtation indicates that the expression for the quantity 
within the pfirenthesis becomes unity when A = 0. 
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If M =: tang X 

Rsm^r 



du^sd tang or = c? - 



C03;p 



_ (cos ax/ sin a: — 8ina?<f cos ar) _ dx{co8^x + sin'j?) , 
cos*a? cos*ar 



whence 



If 



d tang a; = 


R'dx 
cos'x 








u = 


cot a? 








tang (OO'^ 


-«) = 


R» 


d (90" - 
cos" (90" 





whence 

R'rfa? 



rfcota? = 



If « = sec a? 

, . J R' R sin a? rfx 
du^dnQCX = d =. 5 ; 

cos X cos*x 

whence 

_ ianexdx tanirarseca; , 

dsecx = ' — ^ = ^^5 dx. 

cos a; R^ 

If tt = cosec X 

iu = i cosec* = d sec (90" _ *) = e2i£:?^££^^(?^l!zi£); 
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whence 

cot ar. cosec x dx 



d cosec X = — 



If it = 1, these formulas become 

d 6111 X = CO& X dxy d COS X = — sra X dxy 

d ver-sin x = sinxdx, d tang x = j—, <&a 

and should be remembered. 

Examples. . 



1. If 11 = sin — 



a 



J bx jbx b bx J 

au = cos — a — =r - cos — dx, 
a a a a 

2. If tt = cos - 

X 



du = — sin - (£ - = _. sin. dd?. 
X X sr X 



3. If tt = tang (a — x)' 

cos* (a — xf cos\a — x)'* 

4. If tt = cot'x 

, oxja 2cotx(f« 
att = 2 cot x a cot X = r-«— 
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5. If tt = (cosa-y'"', 

make cos a? = «, sin a? i= y ; then u = z'j and Art. (39) 

du = z^lzdy + yz^'dz = dx (cos z)'^'l cosxlco&x— J^lf. Y 

\ cosx J 

6. Let tt = ^^^^^ "^^\ 7. Let 11 = tang (— m vT). 



42. In the preceding article we have found the differentials of rr . . 
the sine, cosine, <!bc. in terms of the arc as an independent variable ; o ' ^ i -^ 

let it now be required to find the differential of the arc, in terms of "^^ r 

Its sme, cosine, &c. _ Q^r^u l\ t < -^^ *-/ ^ ^< 



;N 






If tt = sin «, then a? = 8in~*tt,* . , i — / , y iC_ o ^ 

d„.= S^4^ and $*^J^. vfer^^.^.^..»U^^... 

If now X be regarded as the function, and u as the independent 4-vt • >^ (K^^< C 
variable, we have, Art (16), (hxT^U-i^ ^-^ '^ ^-t n t-^^* < '^ ^ 

:j- = :r- = , ^ ^^ ] zi\ i'' • - 

att du cosx 

n 

and since cos a? = V R* — sin'a: = -/ R' — «' 
; whence dx = 



rftt V R» — tt' >/lt^^ a» 



* Note. — ^The notation sin-* «, tang-* «, dtc., is used to designate the 
arc tffkote sine is Uf tohox tangent is v,'&jc. 
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If 



.1 du tm X 

u = COB X, a; = cos '«, — = ; 

^ dx R • 



da?_ — R _ R R 

du" %mx Vr* -cos'* VR*~a*' 

wlic'uoe 

RJti 



VW - «• 



If 

tt = ver-fiin a?, « = ver-sin"^ » : 



^=?!?i^ and ^ = A; 

^ R dtt sinx 



Rin X = V(2R — ver-sin x) ver-*in x = V(2R — u)u ; 

(iar R v j R^m 

■ ; wnenoe or == 



^^ -v/(2R - ii)u i/2Rtt - ii» 

If 

« = tang X, « = tang-»u, ^ = J?!L; 

or coB^x 

dx cos'x R' R' 



rfu R« sec'a: R' + tang**' 
whence 

~ R* + 1»» 
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If R = 1, these formulas become 

J du ^ du 

^ = , ; . dx =, 



Vl — «*' ~" Vl - u' 



J du J du 

dx = - dx = 






1. If a? = sin-' 2m Vl — u*, 

^ ^ <^(2tiVl - «*) _ 2(iti 

Vl - (2u'v/l - «')' Vl— tt« 

2. If a?=:taiigW_iV 

.^^^ V yl cdy 

8. If « = COS-»-JL., du = ni':^-: 



/-.^^^/ 



« — y (a — y)Va^^2ay 



4. If « = ver-sin""* -, rfw = — ■ 

« x\/2ar — i 



43. We are now able to develope sin x, cos t, <fec^ in terms of 
the ascending powers of ar, by Maclauiin's formula. 

1. K 

u s= sin ar, and R s l ; 
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du d^H 4Pu » 
~ = COS X, —-; = — Sin X, -— J- = — COS «, &c 

dx ax* dr 

Making x = 0, we obtain for the values of A, A', kc in the 
formula, 

A = 0, A' = 1, A" = 0, A'" = — l,&c; 
thence 



fi = 6in X = 4. &C. 

1 1.2.3 ^ 1.2.3.4.6 



2. If tt = cos X, 



du ift« <^ • 1. . 

— = — sm X, -_— . = — cos X, -— — = sm X, dtc. ; 
dx ox* ox" 



in which, making x = 0, we obtain 

A = 1, A' = 0, A" = - 1, A'" = 0, &c; 
and thence 



x* X* 

u = cos X = 1 1 &c 

1.2 ^ 1.2.3.4 



These series, for small values of x, are very converging, and will 
give with great accuracy the values of sin x and cos x for small 
arcs, and may therefore be used in the calculation of a table of 
natural sines, &c. TTius, R being unity, wo have for the semi- 
circumference or ir, the number 3,14150...; this di\nded by 180, 
and the quotient by 60, will give the length of the arc 1', which 
value substituted for x in the series, nvill give the sine and cosine 
of one minute. 
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44. We can also develope the arc in teiros of its sine, tangent, 
&c If 



. 1 dx 

X = sin~* II, 



57* = r^/r^^ ^'^- (^2)' 



^ = «(1 _ u»)-* -g- = (1 - «T* + 3«'(1 - «•)-* Ac 

Making u = 0, we obtain 

A = A' = 1 A" = A'" = l,&c., 
and by substitution in Maclaurin's fonnula 

ar = sm ^ u c If J 1 l &c 

^ 1.2.3 ^ 1.2.4.5 ^ 

If 11 = i = sin 30®, this series becomes 

X = sin-» i = 30O = 1 + L_, 4, ? _ 4. &c., 

2 2 1.2.3.2' ^ 1.2.4.5.2' ^ 

by the summation of which, we find 

30° = 0,52350 , 

and multiplying by 6, 180° = » = 3,14169 



45. If 
X = tang-'i/, ^ = --1— = (1 + n'r*- -Art. (42), 

and the development may be made as in the preceding article ; or 
otherwise thus. Developing (1 + w^~^ by the binomial formu- 
la, we have 
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^ = 1 - u» + «* — f/ + Ac (1) ; 



and since by differentiation, the exponent of u in each term is 
diminished by unity, we must have 

« = Au + Bii' + CV + <fec. ; 

whence 

~ = A + 3Bm» + 6Cm* + &c (2). 

du 

■« 

Comparing the coefficients of the like powers of u in (1) and (2), 

A = 1, 3B= - 1, andB= — -; 6C = l,andC=: ^, Ac; 

3 5 

whence 

X = tang-»tt = tt-.!f!4-!f!-!5! + 4rc (3). 

3 6 7 

If ti ss 1 = tang 46®, this series becomes 

;r = 46» = l-i + l^i + &c., 

which is not sufficiently converging to enable us to determine the 
length of the arc with accuracy. To obviate this difficulty, we 
will make use of the principle that the arc 46® is equal to the arc 
whose tangent is i, plus the arc whose tangent is -J.* 



• NoTB.— To prove this principle, lake the formula 

tang (a + i)=^g'' + '"«*■ 
1— tangatang^ 
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Froir equation (3), by the substitution of i and ^ for ti, we 
have, 

*^ 2 *" 2 3:F 6.2* 7.2' "^ ^ 

* -ill 1,1 1 , J, 

^ 3 "^ 3 3.3^ ^ 6.3« 7.3' ' 



hence 



45^ = tang-* J + tang-* i = 



i~ -i- + -L — etc. + i— ^ + _i- - &c. = 0,78639.. 
2 3.2* 6.2* 3 3.3' 6.3* ' 



whidi being multiplied by 4 gives at = 3,14169.. 



DIFFERENTIATION OP FUNCTIONS OP TWO OR MORE 
VARIABLES. 

46. Heretofore our rules for differentiation have been limited to 
functions of a single variable ; it is now proposed to extend them 
to functions of any number of independent variables. 

Let «*=/(*, y); 

X and y being entirely independent of each other. The second 
state of the function will evidently be obtained by giving to both 

Make tang a = i and a + A = 45®, 

' then, tang 45° = 1 = _i+i!£?A_ ; whence tang 6 = | ; 
1 — 4 tang b 

hence 45® = a -f. Z» = tang-' i + tang-' }. 
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X and y variable increments. First let x n ctM\e th- increment h ; 
/(x, y) then becoines/(jr -f A, y), which, (if t/ for a moment be 
regarded as constant), may be developed according to the ascend- 
ing powers of A, by Taylor's formula ; whence 






in which — , <kc., are the differential coefficients of u=sf{x,y) 

dx ds^ 

taken under the supposition that x alone is variable, and are evi- 
dently all functions of x and y. If in this development we now 
put y H- it for y, we shall obtain in the first member /(x + h,y + k) 
which is the second state of the function u. The first term of the 
second member (u), being a function of x and y, will, when for y 
we put y + k, become 

-/ , f\ , duj , d^u i^ , d^u k^ , 

In the same manner -- , when for y we put y + k, may be d/- 
dx 

veloped, and will give. Art. (32), 



"' uj; ay ay i/z *' 

or reducing 

dx ~^ dxdy " "^ rfxrfy* ^2* 



(g) ■=^r+Sr'+5,^+*«- 



/y-rf* 
Also 
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These values being substituted in the second member of (1) 
give for the development of the second state of a function of two 
variables 

-<•/ . r . ,x du. ^ (Pu k^ <^w ** , J, 



dij ^ df 1.2 ^ djf l.Si.3 
, du , d^u , , , d^u hJ^ , c 



.(2). 



^ da? 1.2 "*" dj?% 1.2 ■*" ^ 

^ rfx^ 1.2.3 ^ 

In this development u is the original function ; -if is its differ- 

dy 

ential coeflScient taken under the supposition that y alone varies, 

and is called, the partial differential coefficient of tfie first order 

taken with respect to y ; — — ,-j-^ &c. are successive differential co- 
dy- df 

efficients taken under the same supposition, and are called joar^taZ 

differential coefficients of the second^ third, dc order taken with 

respect to y. _, _., are obtained from the original function 

imdcr the supposition that x alone varies, and are called jcwr^mZ dif 
» fcrential coefficients of the first, second, d;c., order taken with res- 
pect to X ; __ is obtained by differentiating Jf with respect to y 

anrl (li'.ilirwi: the re-^ult by dy, and is called a partial differential co- 
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ejfieUnt of the mrnnd order taken^ by diffewentiating firti with res- 

d'**^H 
put to X and then with renpect to y ; and in general ~- is a 

partial differential ocK'fficient of the m -{- n^ order, and is obtained 
by differentiating first n times with respect to jt, and then m times 
with resjject to y. 

By an examination of these results we see that, from a fdnction 
of two variables there are derived two partial differential coefficients 
of the first order, viz. 

du . du 

and 

dx dy 

three of the second order, viz. 

iftt rf*tt iPtt . 
. d-c* ' dxdy rfy* ' 

four of the third order, &c The expressions 

^JLix, ^dy, ?^d^, ^ dxdy.kc^ 
dx ' dy^' d^ ' dxdy ^'^ 

obtained by multiplying the several partial differential coeffidenta 
respectively by rfx, rfy, rfa:*, dxdy^ Ac, are called partial differen- 
tials. 



4Y. If instead of first increasing ^ by A we increase y by Ir, we 
shall obtain 

-, , , X du J , d^u it* . €pu P , J 

and if in this we put x + hfox x^ we shall evidently deduce 
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J L &C., 

^ di^ 1.2 ^ 

which development must be identical with the one in the preceding 
article ; hence the terms containing the Uke powers of h and k 
must be equal to each other, and we must have, 

d^u _ d^u dH _ d?u d'^'^u _ d'*^"'^ 

dxdy dydP dxdt^ ~~ dy^dx ' dx^'dy'^ ~~ dy^daf" ' 

which shows that we shall obtain the same result whether we dif- 
ferentiate first with reference to a; and theft with reference to j^, or * 
the reverse. 



48. Let it now be required to develope the second state of the 
expression 

u = a;V (!)• 

Differentiating with reference to x and y^ respectively, we obtain 

J = mx-y (2), p = nsrr-' (3). 

ax ay 

Now diflerentiating (2), firet with reference to x, and afterwards 
with reference to y, we obtain 

^ = fnim- iK-y (4). ^ =j .n^r- (5). 
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In the same manner by ditierentiating (3), first with reference to 
Xy and then with reference to y, we obtain 

'^^ =m«*-y-' = -^ ^=«(»_l)x-y-*....^6>. 



dydx dxdy d^ 

and by continuing the differentiation of (4), (5), and (6), 

^ = i«(m _ l)(m _ 2)x-*3r, ^ = m{m _ \)n^r^, Ac 

Substituting these valuea in the formula of article (46), tre have 

(* + A)"(y+*)" = *"y' + nx^jr'* + «(n - i)«-jr^J^ + <kc 

^ '1.2 



49. Resuming equation (2), Art. (46), and subtracting the pri- 
mitive state of the function from both members, we obtain 

A ^ "> . k Extending the definition in Art. (8), to functions of two or more 
variables, we have, after placing for h and k the constants dx and 
rfy, and taking the terms of the first degree with reference to these 
constants ; 

, du J du J 

duz=z ^ dx 4 ay, 

dx dy 

that is, the differential of a function of two variables is equal to 
the sum of the partial differentials of the function. It is important 



DIFFERENTIAL CALCULUS. 6i8 

to preserve the notation — dx and — dy, else the partial differen- 
ce dy 

tials might be confounded with the total differential {du), 
^ Examples. 

^dx = 2ax/dx, —dy=.Sa2fy'dy] 

dx dy 

hence 

du = 2ax^dx + Scu^^dy. 

2. If 

u = i^^L=Lft dur=. ^^{a-s/')[2xydx+{a^a?)dyl 

3. K 

«=tang-»i d« = y^^^y 

4. Let tt = ^^ ■ 6. Let u = x^. 

-Z^ + y' 

60. Having obtained the first differential of a function of two 
variables, we may from this at once derive the successive differ- 
eutials. Since 

, du , . du , 
du ;= —dx -{- ~--dy, 

dx dy 



,.=.(*^)+i(g*) 



rZ, £ It 1 i'C ' 
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Differentiating —- dr, first with reference to x, and then with re- 
ox 

ferenoe to y, we have, 

and in the same way, ' 



'('>)= 



'i{^'^y) = -|^''i«^+ g-^y*; 



whence, since = Art. (47), 

dxdy di/dx 

djT dxdy dif 

Differentiating this result, since 



ds? dx^dy 



{^'^^) = 



^ ^.^y ) = ^'^^y + ^-^3^. 



we derive 

In the same way the differentials of a higher ord«^r may be 
derived. 
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61. Let us now take the general case in which u is a function 
of any number of independent variables ; that is, let 

u =/(j?, y, z, &c.) 

It is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (46), 
by first increasing x and y, then in the result thus obtained in- 
creasing z, and in the new result increasing one of the other va- 
riables, and so on until each shall have received an increment ; 
we shall thus find 



Ax+h,y+k, z+l,&c.)=/{x,y, *. «fec.) +ph+pk+^l+ &c. ; 

ax ay az 



whence 



J{:x + h,y+k,z+l,kc) -Ax,y,z,&c.) = ^ A + ^k+^l&c 

dx ay dz 

plus otlier terms, which will be of the second degree at least, with 
reference to the increments h, it, /, <fec. ; we have then as in arti- 
cle (49), 

du = df{x,y,z,&c.) = ^dx -^"t^dy + ^dz+&c 
dx dy dz 

that is, the differential of a function of any number of variables 
is equal to the sum of the partial differentials of the function. 



Example, 
If tt = aa:y V, 

du = ax^z^dx -f 2axyz^dy -f 3axy^7?dz- 
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52. LI m the development (2), article (46), we make both x and 
y equal to 0, the first member will become a function of h and k ; 
the first term of the second member, and the different coefficients 
of h and k, will under the same supposition become constants. 
Denoting by A what u or J\x,y) becomes when x and y are made 
; by B and B' what the partial differential coefficients of the 
first order ; by C, C and C" what those of tlie second order, and 
by D, D', D" and D'" what those of the third order, become 
under the same supposition ; we obtain 

Jlh, k)=zA^{Bk-\. B'k) -f — {Ch' + 2C'hk + C"it») 

+ -4^ (DA' + 3D'A'i + Ac); 

or since we may change h and k into x and y, we have for the ge- 
neral development of any function of two variables, 

f{x,y) = A + (Bx + B» + J- (Cx'- + 2C'xy + C"f) 



+ -l^{T):i»+ST>'x>y + &c). 

If in development (2), above referred to, we make y and k each 
equal to 0, u becomes a function of x alone, and we have 

•^^ ^ ^ ^ dx ^ dx' 1.2 ^ d:i^ 1.2.3 ^ 

which is Taylor's formula. 

In the same development, making a?, y and k, each equal to 0, 

and denoting by A, A', A", &c what w, — , -— -, &c. reduce to 
under this 8upj)Osition, we obtain > 
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Ah) = A 4- A'A 4- A" — + A'" -^ + «fec., 
•'^ ^ ^ ^ 1.2 ^ 1.2.3 



or changing k into a;, 

/(z) = A + A'a: 4- A" — + A'"-^ + &c. 
•^^ ^ ^ ^ 1.2 ^ 1.2.3 ^ 



which is Maclaurin's fonnula. 



DIFFERENTIAL EQUATIONS. 

63. Every equation containing two variables can, by transposing 
all the terms into the first member, be represented under the ge- 
neral form X 

A^, y) = (1) 

in which y is an implicit function of x, the latter being usually 
t'\ken as the independent variable : Or, since by the solution of 
the equation, the value of t/ may be found in terms of x, and sub- 
stituted in (1), this function of x and y may be ii?garded as a 
function of x alone, and mat/ therefore be differentiated as a func- 
tion of a nimfle variable. Also, since the relation between y and 
X is such, ih&tf{xy y) must always be equal to 0, its value is not 
variable, and can therefore have no diflPerence between any two 
states. Ita differential must then be 0, Art. (14) ; that is, 

4/1^, y) = 0. 

To obtain, then, from a given equation its differential equation^ or 
the equation which expresses the relation between the differentials of 
the function and variable ; transpose all the terms into one mem- 
ber, differentiate this as a function of a single variable, and place 
the result equal to : Or, if it be not desirable to transpose all 
the terms into one member, each member, containing either x or 
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y, or both, may be regarded as a function of x, and the differen- 
tial of the first will be equal to that of the second, Art. (13). 

Since every term of the differential equation thus derived will 
contain dx or dt/, we may divide by dx, and then at once deduce 

the value of the differential coefficient -?. 

dx 



54. If an equation contain three variables, one will necessarily 
be a function of the other two, and all the terms being transposed 
into one member, this member may be regarded as a function of 
two independent variables, and may be differentiated as in article 
(49), and the result j>laced equal to 0. In accordance with the 
same principles and in precisely the same manner, the differential 
equation of one containing any number of variables may be 
derived. 

If the differential equation derived by one differentiation be 
again differentiated, the new differential equation will be of the 
second order^ and if this be differentiated we shall have one of the 
third order, and so on. 



Examples. 

65. 1. If «:±=y][a:,y) = x« + y'-R*=0 (1) 

du = 2xdx + 2ydy = (2), 

from which, after di\iding by dx, we obtain ' 

f = - ? :....(3). 

dx y 

Dividing equation (2) by 2, and then differentiating pa?, y, and 
cfy, being variable, we have 

d{xdx) + d{ydy\ = 
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or do^ + df + yd^ = 0, 

wLenoe 



dji? y y y^ ' 

since '^— = — equation (3). 

cur y 

Equivalent results may be obtained by differentiating ihe value 
y = Vli'' — x\ deduced from equation (1). 

2. If tt = y* - 2mxy + 3^ -^ a^ ^ (1) 

2yiy -- ^mxdy — 2my(ia: + 2xdx = (2); 

whence 

dy _ my — x 
djc y -^ fnx 

Differentiating (2), and dividing by 2dx\ we obtain 

from which after the substitution of the value of ~ we may ob- 

dx 

t&in the value of the second differential coefficient. 

3. Let y^ — Saxy + a:* = 0. 

Equations derived as above, immediately from the primitive equa- 
tion hy differentiation, are named immediate differential equati<nis. 
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56. By the differentiation of equations we may find othcrB 
which will express the relation between the variables and their dif 
ferentials, for any values of eitlier or all of the constants. Thus, 
if we take the equation of the right line 

y =zax + b (1), 

differentiate and divide by dr, we have 

i=» ■«■ 

a result which is the same for all values of 6, By the substitution 
of this value of a in equation (1), we have 

j/dx = scdf/ + ftdr, 

which is the same for all values of a. 

Differentiating (2) and dividing by dc, we obtain 

which is entirely independent of both a and b. 
Take also the equation 

y* = mo? -f n«* (3). 

By two differentiations, we get 

2ydy = mdx + 2nxdx 

dy'^ + ydy = wdx*. 

By combining the three equations, m and n may readily be elim- 
inated, and an equation obtained which will be entirely indepen 
dent of them. The result of this elimination is 

y'ctr* + j^dy^ + yx'd'y — 2yjcdydx =- 0. 
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Again, by differentiating the equation 

^ — 2aa? -f a« = 0, 

and eliminating a, we obtain 

lQy3?d3i?—2A3?dydx + ^fd%f = 0, 

And in general, all the constants of any equation may be elimi- 
nated by differentiating it as many times as there are constants. 
The differential equations thus obtained, with the given equation, 
make one more than the number of constants to be eliminated ; 
an equation may therefore be derived which will be freed from 
these constants. Equations thus obtained are properly the differ 
ential equations of the species of lines, one of which is repre- 
sented by the given equation, since being independent of the con- 
stants they are evidently the same for all lines of the same kind 
referred to the same co-ordinate axes. 

57. By differentiation we may free an equation of exponents, as 
in the example 

du = nv'*~^dv, or vdu = nr"dc, 

and finally 

vdu = ntidv. 

Or thus, 

In = Ztj" ; whence lu = n/», 

du fidv J J 

— == , or vdu =z muiv. 



72 DIKKERENTIAL CALCULUS. 

58. T\\e Difforpntial (Calculus enaMcs us also to eliminate, from 
Bu equation containing three variables, an arbitrary function of 
either two, the form of which may be entirely unknown. Thus if , 

« = F(/[^,y]),\*/ ..^ . 

the form of the function designated by the symbol F being arbi- 
trary, we can find a ditl'erential equation expressing a relation l>e* 

tween x, y and the partial differential coefficients — , — , which 
'^ ^ d£ dy 

will be the same, no matter what the form of the function F ma} 
be. 

Make /[x,y)=^z (1), 

then 

u = F(«), du = ¥*{z)dz (2). 

Differentiating (1), first with reference to x and then Tinth refe- 
rence to y, and substituting the values of dz thus obtained in (2), 
we get 

^• = rw*....(3),. | = PW|. (.X 

from which F'(2) may be eliminated, and the resulting equation, 

between x, y, — and — , will be the differential equation required. 
dx dy 

Such equations are called partial differential equations. 

To illustrate, suppose 

1. f{Xy y) = ax + by and u = F(ax + hy). 

Place ax -{- by = z, then t- = <*> *°d -- = ft. 

dx dy 
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These values in (^quatious (3) and (4), give 



^« = F'(.)a | = FW5; 



whence 



and finally 



dii du 

dx dy 
a f 



a'^_6l« = 0. 



dy dx 



2. Let 

f{x,y) == a^ + f =sz and u == F{x^ + y^. 

Differentiating z, we find 

^ = 2x lind J=2y; 

dx dy 

whence 

^ = F'W2« and ^ = F'W2,, 

from which, by eliminating F'(z), 

du ^" __ A 



3. Let /(*,y) = ^ 

10 
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VANISHING FRACTIONS. 

59. In tbo discussion of the results obtained by the application 
of the Calculus, we often meet with expressions which, for a par- 
ticular value of the variable, become |. This, although in gene- 
ral the algebraic S3rmbol of an indeterminate quantity, does not in- 
dicate such a quantity in the particular cases referred to. As in 
the example, 



a* — ;c* 



which becomes f when x =^ a] if we divide both numerator and 
denominator by the common factor a — a;, we obtain 



a + X 



and this, when x = a, reduces to i, which is the true value of the 
fraction in the particular case. 

Expressions of this kind are called vanishing fracticms^ and re- 
duce to J in consequence of the existence of a factor common to 
both terms ; which factor becomes under the particular suppo- 
sition. 

All such fractions may be represented generally by the expres* 
sion 

in which P and Q are functions of «. 
There are three cases : 
1. When m = n, the fraction becomes 
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P(g-fl)" ^P 

Qix-a)' ~ q' 

2. When m > n, it may be put under the form 

P (z — g)— * 
Q ' 

m ^ n being positive ; and this, when x = a, becomes 

3. When m < n, the fraction may be put mider the form 

P . 

n — m being positive, and this, when x =: a^ becomes 
"" 



60. Whenever the common factor is e^ndent, the simplest me- 
thod of obtaining the true value of the fraction is to strike it out, 
and then put for the variable its particular value. But as in mast 
cases it is not easy to detect this factor, other methods become ne- 
cessary. 

Let - be a vanishing fraction, r and s being functions of a?, and 

let a be the particular value which substituted for x reduces the 
fraction to |. 

It is plain that, if we- substitute a -f ^ for x, and after reduction 
make A = 0, it will amount only to the substitution of a for x. 
Suppose this substitution made, and that in the result both nume- 
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rator and denominator are arranged so that the exponents of A 
fthall increase from left to right, we then have 



(0 = 



AA* + BA**' + &c 
A'A- + B'A"' + &c 



in which A, A', 6, 6', m, n, Ac are constants. After reducing 
this fraction to its lowest terms, bj dividing both numerator and 
denominator by that power of A which is indicated by the smallest 
exponent, we shall have one of three cases. 

1. K«i = n 

^r\ A + BA"'-* + &c 



0)- 



^« A— ♦* A' + B'A-'—4-<fcc 
2. Ifm>« 



I «)*-•♦* 



A'+ Ac 
3. K m < n 






A + Ac 

A'A"-"-f Ac 



Now making A = 0, we have for the true value in the three 
eases, * 

1. ('-\ =^ 2. (t\ =± = 0. 

\^« Js-, A' \^» h-. A' 

Whence we derive the general rule. Ifbr the variable, substi- 
tute that value which causes the fraction to reduce to J, plus an in- 
trement; reduce the result to its simplest form, and then make the 
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increment equal to 0. The final result will be the true value of 
the fraction for the particular value of the variable, and may be 
finite, zero, or infinite. 



Examples. 

1. Take the fraction 

which becomes | when x = a. 
For X, pnt a + A, the primitiTe fraction then becomes 

(2ah + h')i 

hi 

Dividing both terms by A^, we obtain 

(2a + A)*, 

which, when A = 0, becomes (2a)* the true value. 

In this case the common factor (x — ay is evident ; striking it 
out, we have 

(x + a)i 

which becomes (2a)*, when x =^ a. 
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2. Take the fraction 



\ sin ' - 
a 



X 

ivhich becomes f when d; = 0. 
For OP, put + ^) or /^ we then obtain 

m sin '_ I -. + Ac. I 

-__^ = y ^y /....■ Jbt (44), 



or 



msin ' — 
a 



k 
which, when li = 0, gives 



=-(^+t£?+*'-) 



1 jt 

,m sm""* — 



(TltBIU V 
'L) =«. 



The common factor in this case is or, as maj be shown by de< 
veloping m sin'* — , as in article (44). 



a 



61. Another rule may be thus deduced. 

If the vanishing fraction, as in the preceding article, be 



V = — ; then r = v^ 
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dr = ud* + tdu\ 
in which, if we make « = a, we shall have (since <«_. = 0), 

whence 



/ 



- /'--■- - -. c. 






.(!)/' .^^^ 



for tlie true value of the fraction in the particular case. 

If (^^r),.. = this value is •- 0. 1.,^*/-^^ - ^ 

If W*-« = ^ ^^^ *• . 

If both are at the same time, the second member of (1) be- 
comes ^, and ;r is a new vanishing fraction ; then, as above, we 
take the d:ffiTc»ntials of both its terms, put a for z, and thus obtain 

If this again becomes |, we continue the same process, and have 

' — m:z: 

and so on. The rule may then be thus enunciated. Take ike 
differentials of the numerator and denominator ; in each, substi" 
tute that value of the variable which reduces the original fraction 
toi ; if both do not reduce to or infinity ; what the former be- 
comes divided by what the latter becomes, mil be the true value of 
the fraction. If both reduce to 0, take the second differentials, and 
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make the same aubstitution ; or continue the differentiation, d:e, 
until tico differentials of the sains order are obtuifwd, both of which 
do not become or infinity ; what one becomes divided by what the 
other becomes, mil be the true value of the fraction. 

It should be observed, that the effect of the application of this 
rule is, at each diflerentiation, to diminish by unity the exponent 
of the factor which causes the fraction to reduce to J, Art. (27). 
If the exponents of this factor in the numerator and denomina- 
tor are fractional, and not contained between the same two con- 
secutive whole numbers, it is plain that the least one will be re- 
duced to a negative number by a less number of differentiations 
than will be required by the other. The differential of that terra 
of the fraction which contains it, will then, by the substitution 
of the particular value of the variable, reduce to infinity, while 
that of the other reduces to 0, and the true value of the fraction 
will be either 



. - = 00 or — =0. 

CO 



If however, these exponents are contained between the same 
two consecutive whole numbers, they will become negative by the 
same number of differentiations, and the differentials of both terms 
of the fraction, reduce to infinity at the same time ; as will the 
successive differentials. In this the only failing cane of the rule, 
we shall not be able, by its application, to obtain the true value 
of the fraction, but must fall back upon the general rule, Art. (60). 
As an illustration of this, we may refer to example 1, article (60), 
in which the second differentials, and all which follow, become in- 
finite when OP = a. 



Examples 
K 



DIFFKRENTIAL CALCULUS. 81 

r l" — 1 



* « — 1 

which becomes } when « = 1 

dr = fUE^^dx, ds =z dXf 

(r\ _ (dr)._. _/«^'\ 

2. If 

r 1 — sin « 

« COS c 

which becomes ( when « = — , 

dr = — COS axLr, d» = — sin jrfu, 

,. r __ 03^ — 2acx -f ac* 

7"" ftx* — 2bcx -f ftc*' 

dr = {2ax — 2ac)<ir, d« = {2hx — 2ftc)dr, 

both of which reduce to 0, when x^= c. Differentiating again, 

(Pr = 2ada^, d^s = 2bdx*, 

and 



a = 
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4. Take when « = 0, Aiw. la — Ih, 

/ « 



m/(l+^) *=0. « ^ 



<'^0 



Y. 



8. 



9. 



X 




1 — sin ar 4- 009 « 


«-l 


sin 2 + COS 2 — 1 


2 


a — X — ala-^r oXx 


X — a 


a — y/lax — «* 




iX^—X 


jp = 1. 


1 — a? 4- Ix 




X — 2 sin a: 


« = 0. 


X sma; 





y ^ ",.. 



62. We sometimes meet with the product of two factors, one 
of which becomes 0, and the other ao , for a particular value of the 
variable. Let ri be such a product, in which r becomes 0, and i 
infinite. It may be written 



r.=f 



which, for the particular value, becomes J. Its value may then be 
determined as in the preceding articles. 

Exairvple. 



Let rt = (1 — ar) tang — , when « = 1. 
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Writing it under the proposed form, we have 



1 


1 — « 

cot*'^ 


t-«7 


2 



2 

the true value of which, when x ss 1, is *. 



63. The fraction T may become ^, in which case it may be 
written 



8 S 



which becomes cso x — ^^ x 0, and may then be treated as m 

00 

the preceding article. 

64. Sometimes also, we find expressions which become go — oo. 

Let , 

r s 

be such an expression, r and s becoming 0. It may be written 

1 1^_ g — r 

r * "" rs 

which will reduce to }• For an example, take 

X * 

cot X 2 cos X 
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which becomes oo _ ao, when x =: -. By reduction we obtain 

2 ^ 



xfkvLX — ? 
2. 

> 

cos X 



the true value of which is, — 1, when x = •. 

2 



MAXIMA AND MINIMA. 

65. A function is at a maximum state, or a maximum, token it 
is greater than tlie state which immediately precedes, and greater 
also than the state which immediately follows it ; and a minimum^ 
when it is less than both of these states. 

Thus, if tt be a function of x, and x be decreased so as to give 
the next preceding state to u, denoted bj u", and then increased, 
by the same quantity, so as to give the next succeeding stale u' ; 
if u be greater than both u" and u' it will be a maximum ; if less, 
a minimum. 



66. If tt is a function of x, and x supposed to be increasing, it 
is evident that when passing from the preceding states to its max- 
imum, M must increase as x increases, that is, be an increoMng 
function of x ; and when passing from its maximum to the suc- 
ceeding states, it must decrease as x increases, that is, be a de- 
creasing function of X, In the first case. Art. (12), the sign of its 
first differential coefficient must be positive, and in the second, 
negative ; therefore at the maximum state the first differential co- 
efficient must change its sign from plus to minus. For a similar 
reason at a minimum state, the first differential coefficient must 
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change its sign/rom minus to plus. But as a quantity can cbange 
its sign only bj becoming zero or infinity, it follows that no value 
of the variable will give a maximum or minimum value to the 
function, unless the same value reduces the first differential coeffi- 
cient to zero or infinity. 

The roots of the two equations 



will then give all the values of x, which can possibly make u a 
maximum or a minimum. After having obtained these roots, let 
each, first with an infinitely small decrement, and then with an in- 
finitely small increment, be substituted in the given function ; if 
both the results are less than the one obtained by substituting the 
root, the latter will be a maximum ; if both are greater, a minimum. 

Or if it be more convenient, let each of these roots, with an infi- 
nitely small decrement and increment, be successively substituted in 
the first differential coefficient ; if the first result be positive, and 
the second negative, the root will make the function a maximum ; 
if the reverse, a minimum. If the two results have the same sign, 
the root under consideration will give neither a maximum nor 
a minimum. 

Since equations (1) and (2) may give several roots which will 
fulfil the required conditions, there may be more than one maxi- 
mum or minimum state of the same function. 



Example,9. 

1. If tt = a + (a: - bf (3), 

du ^. ,v J c?x 1 

—. = 2(1: — h) and 



dx ' du 2{x — b) 
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Placing — = 0, we have 
dx 

2{x — 6) = ; whence « = 6 

If in equation (3) we substitute first, b — A for x^ and then 
6 -|- A, we have 

tt" = a + A* and «' = a + A« 

both of which for all values of h are greater than « = a, the result 

obtained by substituting 6 for a; ; hence v = a is a minimum, 

dx 
The only value of x which will reduce —-to is a; = oo ; there 

du 

is then no finite value of x which will satisfy this condition, hence 

X = b gives the only minimum state, and there is no maximum. 

2. If 

u = a — {x — 6)* (4) 

du _^ — 2 ^ , ^* _ — 3(« — b)* 



= 1 » and 

dx d{x — 6)* du 



Placing -- = we obtain jt = co , which gives no finite solu- 



tion. 

Placing — = 0, we have 
du 

S{x — b) = ; whence « = 6. 

If then in (4), we substitute first b — A, and then b + A, for a?, 
we have 



I*" = a — A' and u' = a — A*, 
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both of which are less than u = a, the result of the substitution 
of ft for JT ; u = a is then a maximum and the only one, and there 
is no minimum. 

If in the first differential coefficients in the above examples we 
substitute b — h and b + hfor a:, we obtain in the fii-st, for ft — A 
a negative, and for ft + ^ a positive result, and in the second the 
reverse, as it should be. 



' 6Y. When the states which immediately precede and follow the 
maximum or minimum state of tt, can be deduced from Taylor's 
formula, a more convenient rule may be applied. To demonstrate 
it; let 

then 

♦ tt' =f(x + h) u" =/(« - A), 

and by Taylor's formula 



du. ^ d^u h* . d^u h^ . 

dx ^ dx" 1.2 do^ 1.2.3 ^ 

,, du ^ , d^u h^ <Pu h? « 

dx dx" 1.2 da^ 1.2.3 ^ 



> Art (34.) 



In order that « be a maximum it must be greater than both u' 
and m", that is, the second members of the above equations, for an 
infinitely small value of k, must be negative ; and for a minimum 
the reverse. But for any value of /* less than the one referred to 
in article (11), (and of course when h is infinitely small), the signs 
of the series will be the same as the signs of their first terms ; but 
these terms have contrary signs, hence there can be neither maxi- 
mum nor minimum unless the first term of each series be 0, which 
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requires that — = 0. Tlie roots of this equation will then, in the 

dx 
case under consideration, give all the values of x which can possibly 

make u either a maximum or minimum. 

Let a l>e one of these roots, and let it be substituted for x in the 

two series, then, since l ~\ = 0, we have 

^ ''-' \dj^)... 1.2 ^ \d^).., 1.2.3 

^ ''-' \dx>)... 1.2 \^rf*»/.. 1.2.3 ^ 

The signs of the series now depend upon that of [ _ | , and will 
both be negative, and «,_, a ma.xiinuin, if / . - j t» ntga- 

tive ; and the reverse if this is positive. But if ( — j =0, the 

signs of the series wiU again be contrary, and there can be neither 
maximum nor minimum unless f ^-. | = 0, in which case the 

signs will be the same as that off — | : And in general, if there 

be either a maximum or minimum, the first differential coefficient 
which does not reduce to when 2; =: a, must be of an even order, 
negative for a maximum^ and positive for a minimum. Whence to 
determine the maximum or minimum states of a given function. 
Mnd its first differential coefficient and place it equal to ; substi- 
tute each of the real roots of the equation thu^ formed, in the second 
differential coefficient. Each one which gives a negative result^ will 
when substituted in the function make it a maximum^ and each which 
gives a positive result will make it a minimum. If either reduce 



DIFFEUENTIAL CALCULUS. 80 

the second differential coefficient to 0, substitute in the third, /oarthy 
d'c, until one be obtained which does not reduce to 0. If this be 
of an odd order, the root will correspond to neither a maximum nor 
minimum ; if of an even order and negative, there will be a ccrrei' 
ponding maximum ; if positive, a minimum. 



Examples, 

1. If tt =— 4. on* — 3a'a?, 

3 ^ ' 

^ = a* + 2aa: — 3a', ^= 2x + 2a (1). 

dx dor 

Placing the value of -— =0, we have 
dx 

^ + 2ax — 3a' = 0, 

the roots of which are x = a, and x = — 3a. The first substi- 
tuted in (1) gives 4a, which being positive, indicates a minimum. 
The second substituted in (1) gives — 4a, which indicates a maxi- 
mum. Substituting the roots in the given function, we have for 

the minimum u = — —, and for the maximum u = 9a'. 
3 

2. K tt = 2«* -H a\ 

1 = 8.. + ^, g=.U.. «. 

Placing the value of -y- = 0, we have 
dx 



Sj:' 4- a' = 0; whence a? = — ?. 

12 
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This value of x in (2) gives 6a'^, and indiaiUift a niiuimum, irhich 

IS tt = — . 

8 



68. Let t» = Au, 

u being any function of x. By differentiation, kc, we have 

from which it appears, that those values of a?, which make — =0, 

dx 

will also make — =0, and the reverse. Also, that any of these 
dx 

values, when substituted in the second differential coefficients, will 
give results affected with the same sign. Uence every value of x 
which will make u a maximum or minimum will make Au a maxi- 
mum or minimum. There/are a constant positive /actor may be 
omitted during ths search for those values of the variable corres- 
ponding to a maximum or minimum. 
To illustrate, take the example 

l{2ax — i^) (1). 

a 

Omitting the constant factor, we may write 

u = 2ax — «*, 



Placing ~- = 0, we find a: = a, which in (l) ^ves the maxi- 
dx 

mum value ab. 
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69. Let r = u", 

u and V being functions of x, and n entire. Then 

dx ax 

_=»«-_ +«(n-l)u «_. 

Kow every value of x which will make -— = 0, will also make 

dx 

dn 

— = ; and if the same value makes nw'^* positivej it will give to 
dx 

fPf» d'^ii, du!^ 

— - the same sign as - — (since = 0) ; that is, if it makes u 

ox* dx^ dx* 

a maximum or minimum it will make v a maximum or minimum. 

d^v 
If it makes nu""^ negative^ it will give to-—— a sign contrary to that 

of — — ; that is, if it makes u a maximum, it will make v a minimimi, 
ds^ 

and the reverse. 

All values of a;, however, which will make t> = tt" a maximum 

or minimum, will not necessarily make u a maximum or minimum, 

for the equation 

dv - , du ^ 

may be satisfied by making either 

nW^-' = 0, or ^ = 0. 

dx 

Those values of x which satisfy the first, and not the second of 
these equations, will make u neither n maximum nor minimum, 
but may make v = u" a maximum or raiuimum. As in the ex- 
ample, 
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dv = 2ik2u -. = 2tt --. 



We may make — = 0, by placing either 
dx 



2ti = 2(a' — «^) = ; whence a? = a, 



or 

^ = - 3i:> = 0, " « = 0. 

ox 

The value a; = a evidentiy makes v a minimum, but as it 

does not reduce — = — S^r' to 0, it will make u neither a maxi- 
dx 

mum nor minimum. 

The value x = answers to neither a maximum nor a minimum. 
As the corresponding power of a radical expression is formed by 
omitting the radical sign, we may, in accordance with the above 
principles, omit it, and seek those values of the variable which will 
make the power a maximum or minimum. We are sure thus to 
get all the values which will make the root a maximum or mini- 
mum. Care should be taken, however, not to use any of those 
which belong only to the power. 



70. In a manner similar to the above, it may be shown that any 
value of the variable which will render u a maximum or minimum 
will also render log u and a** a maximum or minimum. 



71. It often happens that the first differential coefficient is com- 
posed of two or more variable factors, each of which, when placed 
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equal to 0, may give values of the variable, corresponding to maxi- 
mum or minimum states of the function. Let 

*f = XX', 

dx 

be Buch a coefficient, X being when x = a. Then 

rfx* '" dx rfa? ' 

or since X = when x =:i Oj 



(S)...=(-f)..; 



That is, to obtain the corresponding value of the second diffe- 
rential coefficient ; multiply the differential coefficient of that fao- , 
tor which is 0, by the other factors, arid then substitute the particu- 
lar value of the variable. To illustrate, let 

u = «*(ar — a)', 

which is equal to 0, when 

2ar = 0; whence re = (1). 

{x — a)' = ; '* a? = a (2). . 

(4a;-. a) = 0; « x =1 (3). 

4 

Taking the first factor 2a:, and multiplying its differential coeffi- 
cient by the other factors, we obtain the expression 
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2{x — a)»(4a? — a) ; 
from which, by making :r = 0, we obtain 



(: 



^ =2a«; 






which iodicates a minimum. 

Multiplying the differential coefficient of the third factor 4;r — o^ 

by the others, and making ^ = -, we obtain a negative result, 

4 

which indicates a maximum. 

The second value of x reduces ^.^ to 0, but will make —^ posi- 
tive, and ^ve a minimum, Art (67). 

72. If the function be implicit, we have only to find its differen- 
tial coefficient as in article (17) or (53), and proceed as with an 
explicit function. To illustrate, take the example 

y«-2iiury + aj*-a« = (1), 

and let it be required to find the value of x which will make y a 
maximum or minimum. By differentiating as in article (53), we 
obtain 

2^dy — 2mxdy — 2mt/dx + 2xdx = ; 

whence 

dy _ my -X . 

dx y -^ tnx 

Pladng this equal to 0, we have 

my — X == ; whence x ■= myy 



DIKFEUENTIAL CALCULUS. 96 

which, in equation (1), gives 



a , tna 

whence x -. 



Vl --tn* Vl — 



m' 



Differentiating the factor my — Xj equation (2), dividing by dx^ 

and multiplying by , Art (Yl), we obtain the expression 

y ^ mx 

y — mx ax 



which, by the substitution of the values of y and x^ (since then 
^ ■j= 0), becomes 



— 1 
aVl— f»*' 

and indicates a maximunL 

73. The only difficulty in the application of the preceding prin- 
ciples to the solution of problems, consists in obtaining a convenient 
algebraic expression for the function whose maximum or mini- 
mum state is required. No general rule can well be given by 
which this expression can be found. In order to indicate as clear- 
ly as possible the methods to be pursued, we will give the solution 
of several cases differing from each other. 

1. Required the dimensions of the maximum cylinder, which 
c^n be inscribed in a given right cone. 

Suppose a cylinder inscribed, as represented in the figure. Let 
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VA = fl, BA = b, VC = a?, CO = y 



then AC = a — x, and the Boliditj of 
the cylinder, which we denote by v, is equal to 




^/{a—xy. 



(1). 



From the similar triangles VCO and VAB, 
we have the proportion 



X : y :: a : h\ 



whence 



-?• 



Substituting this value in (1), we have 



s= --j3^(a — Of).. 



(2). 



Omitting the constant &ctor, Art (68), we may write 

« = ax* — «* ; 
whence 



dx 



dx 



55 = 2a-6x (3). 



Placing — = 0, we find the roots « = 0, and x s= fa. The 
dx 

second value of x in (3) gives — 2a, and therefore will make v a% 

, . , . 4^aV 

maxmium, which is 

' 27 

For the altitude of the maximum cylinder, we have a — x == ^ 
and for the radius of the base y = |6. 

The first value of x in (3) gives 2a, which indicates a minimum, 
which is evidently » = 0. 



^ 
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2. Bcqiured to draw a tangent to the given quadrant A6D, so 
that the triangle CFG shall be a minimum. 

Let CB = R, FB = X, BG = y ; 
then FG = a: + y. The area of the 
triangle is equal to |CB x FG, which ' " 
since ^CB is constant, will be a minimum 
when FG is a minimum, Art. (68). In the 
right angled triangle CFG, since CB is per- ^ a f 

pendiculiar to FG, we have 

R* = a:y ; whence y = —, 




and 



FG = tt = X + 2- 

X 



^ _ 1 — 5! = ^ - ^' 



which, being placed equal to 0, gives a: = R, and y = R. 

Hence the angle BCF = 45°. Obtaining the corresponding 

value of — — -, as in Art. (71), we find for a result ^. 
d^ R 

3. The whole surface of a right cylinder being given, it is re- 
quired to find the radius of the base, and altitude, when the so- 
lidity is a maximum. 

Let w' = the surface, x = the radius of the base, and z = the 
altitude, then 

But 

13 
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nf = 2flra:z f 2*3^ ; whence z = 


m» 


-2ir«« 

2^j; 


therefore 






^=t ^^' 






and ^ = \/^, and «=2V^> 




when 


maximum. 







4. Required to divide a given quantity a, into two parts, such 
• that the mth power of one, multiplied by the nth power of the 
other, shall be a maximum. 



If a; = one of the parts, then x = 



m '\' n 



6. In a given triangle, it is required to inscribe a maximum rec- 
tangle. 

The altitude of the rectangle =■ ^ altitude of triangle. 

C. A coriaiii quantity of water being given, it is required to find 
the relation Ix'tvreen the radius of the base and altitude of a 
cylindrical vessel, open at the top, which shall just hold the water 
and have its interior surface a minimum. 

The radius = the altitude. 

7. Required the maximum rectangle which oan be inscribed in a 
circle. 

Each side = Rv^ 

8. Required the maximum cone which can be inscribed in a 
given sphere. 
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9. Required the minimum triangle that can be circuniAcribed 
about a given portion of a semi-parabola. 

\ 10. Required the maximum cylinder that can be inscribed in a 
given ellipsoid of revolution. 

11. Required the axis of the maximum parabola that can be 
cut from a given right cone. 

^' 

12. Required the minimum value of y in the equation y =z af. 



MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR 
MORE VARIABLES. 

74. A function of two or more variables is a maximum when it 
is greater, and a minimum when it is less, than all of its consecu- 
tive states. Let 

u = f{x, y\ then u' =/{x + h^y + k), 

u'^u = h(p +pu) + ^ (g + 2?'^ + q"n + &C (1), 

after placing in the development of article (49), 



k = hl. 






Oh, „ 


dxdy ~ * ' 


S=^'*^ 



The sign of this series, when h is infinitely small, will depend 
upon the sign of its first term. Now we shall obtain all of the 
consecutive states of a, by giving to h and k proper infinitely small 
values, both positive and negative ; and therefore, when u is either 
a maximum or a minimum, the sign of m' — ti for all these values 
of h and k must be the same : But the first term of the series (1) 



100 DIKFBKENTIAL CALCrUgl. 

evidently chansfes its siirn when the sign of h changes ; there can 
then, be neither a maximum nor a minimum, unless 

h{p + p't) = or p +ft=zO, 

and since this must be for all values of < = -, we must have se- 

h 

parately p = .0 and p' = 0, or 

£ = « (^) | = « («)• 

TLo values of x and y, deduced from these equations and substi- 
tuted in the second term of series (1), {h and k being infinitely 
small,) should make it neg&tive for a maximum and iK>sitive for a 
minimum. This term may be put under the form 






which, if there be a maximum or minimum, must not change its 
sign for any value of t ; but this requires that the roots of the 
equation 

be either imaginary or equal ; that is, that q and ^' have the same 
sign, and q'^ < qq** or ^ = qq". 
The conditions then are 

and also that and ---- have the same sign, after the values of 

X and y deduced from the equations -r- = and —- = hav^ 

dx dy 
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beoQ substituted : And since the sign of the second term will 
then depend upon j", the sign of —^ must be negative for a max- 
imum, and positive for a minimum. 

K the second term becomes 0, we must substitute the vahios of 
X and y in the third, which must also be 0, and the sign of the 
fourth negative for a maximum, and positive for a minimum ; the 
discussion of tlie several conditions of which, although complica- 
ted, may be made in a manner similar to the above. 



Examples, 

1. Required to divide a number a into three parts, such that 
the cube of the first, into the square of the second, into the first 
power of the third, shall be a maximum. 

Let X = the first part, and y = the second ; then a — x — y 
= the third, and 

tt = !^f{a - a; — y), 

^ = «y(8a - 3y - ^x\ ^ = i^y{2a - 3y - 2:c). 

ax dy 

Placing these equal to 0, we have 

3a — 3y — 4a? = 0, 2a — 3.y — 2a? = ; 

whence 



a a 

T ^3 



We have also 



, = g = 2^(3a - 3y - Gar), 
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which for the particular values of x and y become 



9 12 8 

II<*iice 

,9 a* ,, a* , €pu a* 

* 144 ^ ^^ 7? dy« 8 ' 

\ 

tt is therefore a maximum when its value is . 

432 

2. Make the preceding proposition general, by putting for the 
cube, square, and tlrst power, the mth, nth, and rth powers. 
Then 

tt = oTfia - « — y)% 



m + n + r m + n +r 

3. Required the shortest distance from a given point to a given 
plane. 

Let the equation of the plane be placed under the form 

z = Kx + By + D, 

and the co-ordinates of the given point be or', y', and x' ; then 

«= ^/{x - x'y + (y - y'Y + (^ - z')\ 
or putting for z its value, 

tt= V(ar- ar')» 4- (v - y'f + {^x-\- By + D - ^')«. 
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CalliDg the radical, R, we shall have 

du _ y — y + (A^g + By + D - a/)B 
dy R 

du_ a; — a?^ + (A^ + By + D — z')K 
da:"* R 

Placing these equal to 0, and solving the resulting equations, 
we may obtain the values of a? and y ; and thence, of z. Or other- 
wise, putting for Aa: H- By + D its value z, we have 

y — y -^ B(2— z') = 0, and a? — ar' + A(z — z') = 0, 

which are evidently the equations of a perpendicular to the plane, 
and if combined with the equation of the plane will give the values 
of Xy y, and z. 



75. In order that a function of three or more variables be a 
maximum or a minimum, we must have 

du f. du f. du f. . 

ax ay az 

and the relation between the partial differential coefficients of the 
second order must be such, that the second term, in the develop- 
ment of the difference u' — u shall remain of the same sign, for 
all the consecutive values of the function. 



APPLICATION OF THE DIFFERENTIAL CALCULUS 
TO CURVES. 



76. To ar in the expression 
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assign a ])articular value, and deduce the corresponding value of «. 
These values, taken together, may be considered the co-ordinates 
of a i)oint which may then be constructed. By assigning an in- 
finite number of values to x, and deducing the corresponding 
values of u, an infinite number of points may be determined, 
which, being joined, will form a curve whose equation is u =/(a'). 
Hence, we conclude that every function of a single variable mat/ be 
regarded as the ordinate of a curve, of which the variable is the 
ahsrissa. 




77. Let BMM' be a curve, the equation of which is y = f{x) ; 
and M any point of this curve, the 
co-ordinates being x and y. In- 
crease the abscissa AP or x, by 
the variable increment PP' = A; 
denote the corresponding ordinate 
~T~A 9 r » * P'M' by y' ; and draw the secant 
M'MP. Tlien 

M'Q = FM' - PM = y' - y = PA -f- FA« Art (10). 

From the triangle M'MQ, we have 

I 
tang M'MQ = M^ = tang MT'X, 

and placing for M'Q and MQ = PP', their values, this becomes 

tang MT'X = ^^ + ^'^* = P + P'^ (1). 



Now if A be diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally when A = 0, 
the point M' coincides with M, and the secant with the tangent. 
If then in (1) we make A = 0, we have 



DIFFERENTIAL CALCULUS. 105 

tangMTX = P = ^; 
dx 

that is, the tangent of the angle which a tangent line at any gfiint 
of a curve makes with the axis of X, is equal to the first differen- 
tial coefficient of the ordinate of the curve. To show the applica- 
tion of this principle, let us take the equation of a circle 

*' + ^ = R'; 

whence 

^^ = -- (2); 

dx y 

for the general value of the tangent of the angle made by a tan- 
gent at any point of the circumference, with the m& of X. 

If the particular value at a point whose co-ordinates are x" and 
y" be required ; for x and y, let x" and y'*. be substituted, then 







dy" _ 


y"' 




Take also the equation 










1^ = mx 


+ ««•; 




whence 












dy m 
di" '^ 


1 + 2nx 
2y 


m + 2nx 






2Vmx + n^ 




For the 


particular point y" and 


x"y this expression 


becomes 



♦ Note.— The notation J_, -J^y, &c., is used to indicate what the 
r/.r" <te"' 

flr5:t, second &.C. differential coefficients become, when for the general vari- 
ables X and y the particular values x" and y are substituted. 
14 
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78. If it be required to find the point of a given curve, at which 
the tangent line makes a given angle with the axis of X, we know 
that at this point the first dififerential coefficient must be equal to 
the tangent of the given angle. Calling this tingent a, we must 
then have 

and this combined with the equation of the cun-e will give the 
particular values of x and y, for the required point. 

If the tangent hne is to be parallel to the axis of X, then for 

the point of tangency, -? = ; and if perpendicular, -if = oo. 
dx dx 

We will illustrate each of these cases by an example. 

1. Let it be required to find the point on a given parabola, at 
which the tangent hne makes an angle of 45° with the axis. The 
equation of the parabola is y* = 2pit, by the difFerentiation of 
which, <fec. we have 

^ = i 
dx y 

But as tang 45® = 1, we have, for the required point 
dy _V _y 

and, combining this with the equation ^ = tpXy we find 
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The tangent at the extremity of the ordinate passing through 
the focus, will then fulfil the required condition. 

2. Let 

y = a+ {c-^xy (1) 

represent a curve ; then 

which is equal to 0, when i = c ; and this value of x in (1) gives 
y = a. These are then the co-ordinates of the point at which the 
tangent is parallel to the axis of X. 

3. Let 







y = 


a 


+ (^- 


.)* 


represent 


a curve ; 


then 








' 


f 


dy 
dx" 


— 


1 






A/^ 


.^i 



which is equal to infinity, when x = c. x = c and y = a are then 
the co-ordinates of the point at which the tangent is perpendicular 
to the axis of X. 



79. If x" and y" represent the co-ordinates of a given point oi 
a given curve, whose equation is y s= f{x) ; the equation of i 
straight line passing through this point will be 

y -y" = a{x - X"), 

o being indeterminate. This will bacome the equati<m of a tan- 
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ffent line at the given point, if for a we put >i— . We Uicu ob- 





D 


r » — -"- 


_ .._ ^_. 


dx" 


» w ^J 


tain 














y-!i" = 




«") 


..(1). 




67 differentiating the 


equation of 


an ellipse 




• 






ay + J"** 


= «!•*•, 






we deduce 














Vx . 


whence 


dx" 


= - 


»x" 

«y' 



and this value in (1) gives, f8r the equation of a tangent, to an 
ellipee at the point y'', a:", 

which, bj reduction, becomes a'jfy" + l^xx'' t= a'i*. 



80. If the equation of a tangent be required, which shall be pa- 
rallel to a given line, or make a given angle with the axis of X ; 
we may determine the co-ordinates of the point of 'contact as in 
article (78) ; and knowing these, the equation maj be deduced as 
above. 

Thus, if a tangent to a circle be required to make with the axis 
of X an angle whose tangent is 2, we must have for the requii^ 
poiftt, equation (2), Art. (77), . 

-? = - — = 2. 
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From this, we find y = , which, oombiued with the equa- 

z 

tion of the circle, gives 

and equation (1), Art. (79), becomes, when we use the upper 
signs, 

R / 2R\ 



81. The general equation of a normal, deduced from equation 
(1), article (79), is evidently 

or' 



82. The right angled trianjh MTP (Figure of Art. 77) gives 



PM = PTtangMTV; hence ITr,^ 



PM 



ts^MTP' 



or 



dy dy 

t dx 

Also 

MT ^V^-; pP, 
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or 



The righi-aDgled triangle PMR gives 

PR = MP tang PMR; but PMR = MTP; 
hence 



.-.; .. =-^ 

Also, 



PR = MP tang MTP, or Sulmormal = y^ 



MR= VmP + Pi?; 

hence 

To apply these formulas to a particular curve, it is only necessa- 
ry to substitute in each the value of --, or -J-, deduced from the 

dy dx 

differential equation of the curve. The results will be genera] 
for all points of the curve. If the values for a given point be re- 
quired, in these results let the co-ordinates of the point be sub- 
stituted for X and y. 



For example, take the gene 
y' = 

deuce 


iral 
mx 


equation of Conic Sections, 

+ »«*; 

• 


dy __ »» -f- 2'ax 


dx 2Vmx + iw* 
dy m + 2ii« 



These values substituted in the formulas, g^ve 
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Ill 



^ m + 2nx 



PR — ^ + 2^ 
"* 2 



MT =x/»w + «^ + V ^^ + ^'T 
^ \^»» + 2im; y 

MR = y ffw + 7ix» + i-(ffi + 2nxy. 
i'or the pai*abola n = 0, and these expressions become 



PT = 2ar. 
MT= Vinx + 4ar». 



2 



MR 



= yW^. 




83. If a curve be convex towards the axis of X, and the ordi- 
nate ;x)«7tvc, as in the annexed fi- 
gure, it is plain, that as the abscissas 
AP, AP', <fec. increase, the tangents 
of the angles MTX, M'T'X, <fec., will 
also increase, and the reverse. Since 
these tangents are represented by 
the corresponding values of the first difierential co-efficient of the 

ordinate f ^ I «^ must be an increasing function of x, and its dif- 
ferential coefficient, i. e., ^, must be positive, Art. (12). 



If the curve be still convex, and 
the ordinate negative ; the tangents 
of the angles STX, S'T'X, <kc. 

plainly decrease as x increases ; ^ 

dx 
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is a decreasing function of x; and --^ must be negative. 

If then a curve be convex towards the axis of abscissas, the or- 
dinate and its eecond differential coefficient, taken at the different 
points, will have the same siffn. 

If the curve be concave, and 
the ordinate positive, as in the 
figure; the tangents of the an- 
gles MTX, MT'X, <kc. will de- 
crease as X increases ; -^ will be a decreasing function, and -^ 
dx djr 

negative \ 

K the curve be concave and the ordinate negative ; the reverse 

will evidently be the case, and — ^ will he positive. 

Hence if a curve be concave 
towards the axis of abscissas, 
the ordinate and its second dif- 
ferential coefficient Ml have con- 
trary siffns. 




ASYMPTOTES. 

84. An asymptote is a line which, continually approaching a 
curve, becomes tangent to it at an infinite distance. Asymp- 
totes may be curvilinear or rectilinear. The latter only will be 

considered here. 

Let MV be any curve, and BC a 
rectilinear asymptote. Also let MT 
be an)' tangent line, the equation of 
which, article (79), is 
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If we make y = in this equation, we obtain 

« = x" - y"^ = AT (1). 

If we make a? = 0, we obtain 

y = y"-*"^ = AS (2). 

Now as tbe point of contact M, the co-ordinates of which are 
x" and y", is removed farther from the origin, the tangent MT 
will approach nearer to the asymptote BC ; and finally, when M 
is at an infinite distance, the two ^vill coincide, and the distances 
AT and AS become respectively equal to the distances AB and 
AC. 

If then the expressions for AT and AS, when such values are 
substituted for x" and y" as to remove the point M to an infinite 
distance^ are both finite, there will be an asymptote, which may be 
drawn through the points B and C. 

If one of these expressions ^ocomes infinite, and the other finite, 
there will be an asymptote parallel to the axis on which the dis- 
tance is infinite. 

If both expressions become infinite, there will be no asymptote. 

If both become 0, the asymptote will pass through the origin of 

co-ordinates, and the tangent of the angle which it makes with 

dv" 
the axis of X may be obtained from the value of -=^,whenfor«" 

dxf' 

and y" the proper values are substituted. 

Hence to construct the asymptote of a given curve ; find, by dif- 

ferentiating the equation of the curve, the values of -^— and 

which substitute in formulas (1) and (2) ; the results thence ob 
tained by substituting fur x" and y" their valuer* for that point of 
15 
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the curve which is at an infinite distance, will be the distances cut 
off from the co-ordinate axes by the asymptote, if there is one. 



Ejpamples, 

1. Take the equation of lines of the second order, 

y* =: mx + iw*. 
By differentiation, ^c, we obtain 

dy ^ m + 2nx ^ m + 2nx 

whence 

dy" TO + 2nx" 



<^' =fc 2Vmx" + nx"^ 



Substituting this and the value of y" = ± Vfnx" -f- nx"* 
in (1) and (2), we have 

AT = ^' - 2(^^ + nx "*) ^ -mx^' ^ -m ,3) 

m + 2nx*' m -f- 2nx" ^ ,0 

x^* 

kS^d^Vrnx'^+nx'"- ^^= === = j= (4). 



In this case, the co-ordinates of that point of the curve which 
is at an infinite distance are x" =: cp and y" =00. Making xf' 
= 00 in (3) afid (4), we have 
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AB= " "* 



00 



AC= *" "» 



^^sJJVn ^'^ 



For the hyperbola n is positive, these expressions are both finite, 

and, as there are two different values of AC, there are two asymp- 

2B* B' 

totes, and since m = and n=z — , we have 

A A' 

AB = — A, AC = db B. 

For the parabola n = 0, the expressions are both infinite, and 
there is no asymptote. 

For the ellipse n is negative and AC imaginary, as it should be, 
since^ there is no point of the curve at an infinite distance, and of 
course no asymptote. 

2. Take the equation 

«* — Zaxy + y* = 0. • 
From formulas (1) and (2), we obtain in this case 
AT = f'y" (5), AS = '^'y" (6). 

As it is difficult to obtain the value of y in terras of x from the 
given equation, we can not at once eliminate y" from (5) and (6); 
but if we make x = ty and substitute in the given equation, it >vill 
be divisible by y^, and we then find 

* _ Sat 
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a 




\ 



If in this we make t = — 1, we have 
y = 00 ; hence when y is infinite it is equal 
to — ar, and for that point of the curve 
which is at an infinite distance we have 
y" = — x" = 00 . 

Changing y" into — a?" in (5) and (6), 
they become 





fti3 — 


and making x'' = oo , we find 




AB = — a and 


AC = - 


hence BC is thd asymptote. 


* 



3. Take the equation ^y^ =■ p, 

in the curve represented by which, Hie points at an infinite dis* 
tance have for their co-ordinates a:" = 0, y" = oo , and y" = 0, 

«"= 00. 



DIFFERENTIALS OF AN ARC, AREA, fcC. 



85. Let tt represent any function of x and 

Q and Q' 

two functions of x and h which have the same limit, denoted by 
m ; and suppose that for all small values of h 



Q< 



tt' — tt 



<Q'. 



Since Q and Q' have the same limit m, they must approach an 
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equality as h diminishes, and each reduce to m ivhen A becomes 

xero ; and since — '^^— cannot for any small value of A be less 
h 

than Q nor greater than Q', it follows, that being thus compre* 
hended between Q and Q' it must with them, as A diminishes, ap- 
proach nearer and nearer to m, and when A becomes 0, it must 
also reduce to m, or m muH he its limit, that is, Art (7), 

du 

5i = '"- 



Hence ; if the ratio of the increment (A) of the variable to that of 
the /unction, for all small values of h, be greater than a certain 
quantity, the limit of which is m, and at the same time less than a 
certain other quantity the limit of which is m, then will the differ- 
ential coefficient of the function be equal to m, 

\Ve must therefore have 

tt' - tt = mA -f- FA" Art. (10). 

By dividing this, first by Qh and then by Q'A, we have 
w + FA m + FA 

the limit of either of which is — = 1 : Hence the limit of the 

m -^ 

ratio obtained by dividing the increment of the function by either 
of the quantities into A, is unity. 



86. Let BM = 2 be any arc of a curve, the equation of which 
is y z=zf\x). Although z changes whenever x or y is changed, 
yet the equation y =f{x) establishes such a relation between x 
and y, that one is necessarily a function of the other, z may 
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therefore be regarded as a function of either. Let us regard it aa 
a function of x, and let AP = x, PM = y ; and increase x by 
PF = A; then 

BM' = «', and MM' = x' — « 
Q will be the increment of the arc z, and 

M'Q = y' - y = P* + P'A», 
A F p* ^ the increment of the ordinate y. 

Draw the tangent MN at the point M. We then have 

tangNMQ = ^=P, 
ax 

NQ = PA, NQ - M'Q = NM' = - FA«, 




MM' = -/mq' + M^ = h Vl + (P + FA)', 
MN = Vmq' + nq' = A VT+F, 

MN + NM' = fcVl+F — F»«. 

But the arc MM' is greater than the chord MM', and less than 
the broken line MN -|- NM' for all values of A ; therefore 



*' - « > AVI + (P+FA)', and a/ - * < AVl + F - FA' 



or 



7^ -X 



t! — % 



-^ > VI + (P + FA)», -^- < VTTF - FA; 

the second members of each of which expressions become 
Vl +F, when A = 0. 
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Therefore, in aocordftnce with the principle of the preceding ar- 
ticle, we must have 



- = vrTp>=V' + g 



dz=: yd^^fd^; 

that is, the differential of an arc is equal to the square root of the 
sum of the squares of the differentials of the co-ordinates of its 
points. 
To illustrate, take the equation of a circle 

^ + y* = R'; 

whence 

rf — _ arrfa? _ ^ xd^ 



y Vr* - «• 

and 



87. Since, also, bj article (85), the limit of the ratio 
%' — z z* — z 



hVl + (P + P'A)« MM' 

18 unity, we prove that the limit of the ratio of a chord to its cor- 
responding arc is unity. 



88. Let BMP = a, be any area limited by a curve and the 
axis of X ; it will evidently be a function of .t. 



120 




DIFFERENTIAL CALCULUS. 

Lot AP = j:, PM = y, PF = A; 
then FM' = y.+ PA + T'h% 

and PMM'F = • — « 



^ — ^ p — X the increment of the area 8. 



Tlie rectangles PM' and PQ being constructed, we have 

I'Q = yh, PM' = P'M'A = (y + PA +.P'A*)A. 

But the area PMM'F is always greater thkn the rectangle PQ, and 
less than PM' ; whence 

^ — , > yA, and ^^ — « < (y + PA + FA«)A, 



or 



*' - « 



>y, 



«' — * 



<y^-PA + FA», 



A -" •" A 

both of which quantities become y, when A = ; hence. Art (85), 
ds 



dx 



= y 



and 

m 



ds =^yd9\ 



that is, the differential of the area ia equal to the ordinate of the 
bounding curve into the differential of the abscissa. 

The differential of the area included between the curve and axis 
of Y, may be found in the same way to be 

ds = xdy. 

If the axes of co-ordinates are oblique to each other, the rect- 
angles PQ and PM' become parallelograms ; the area of the first ia 



yAsinw, 



and of the second 



(y + PA+FA*)Aiin«, 
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u represciUing the angle made by the axes of co-ordinates ; whence 
ds =^ y sin u dx. 
For ail example, take the equation 

whence 

ds = ydx = VR* — a^dx. 
Takfe also the equation 

the axes of co-ordinates being oblique \ then 
d* = V2p'a? sin u dx» 



89. Let the curve BM revolve about the axis of X ; it will gen- 
erate a surface of revolution which will be a function of a?, and 
which we denote by u. 

The notation being as in the preceding articles, the increment 
(m' — m) of the surface, when x is increased by 
A, will be generated by the arc MM'. The line 
MN, tangent at M, generates the surface of a 
frustrum of a cone whiclr has for its measure, 
(since P'N = P'Q + NQ = y + PA), 




r— X 



MN 



2ir(PM 4- P'N) _ = nc{2y + PA) VA» + PA«. 

Tlie line M'N generates a plane surface which is equal to the 

difference between the two circles whose radii are P'N and P'M', 

th«it is, 

10 
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expressing by R the polynomial coefficient of h\ after reduction. 
The sum of these two surfeces always exceeds the surface u' — u, 
therefore 

-!?-^ < c(2y + PA)VTTl^+ RA. 

The chord MM' generates the frustrum of « cone which is less 
than u' — tt and measured by 

2»(PM + P'M') M^ = *{2y + PA + FA«) VA*+ (PA4- FA«)«; 

hence 

" ^" > flr(2y + PA + FA«) Vl + (P 4- P'A)". 

Since the second members of both the above inequalities reduea 
to 2ry >/ 1 4- P* when A = 0, we must have 



that is, the differential of a surface of revolution is equal to the cir- 
cumference of a circle perpendicular to the axis^ multiplied by the 
differential of the arc of the generating curve. If the curve re- 
volve about the axis of Y, we may determine in the same w%y 

t 

du = 2^xVdj^ + dy^. 

1£ we 8Uj>pose a parabola, whose equatiou is y* = 2px^ to re- 
volve about its axis, we shall have 
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du = 2^ VSLT^= ty^ Vy-r+y. 



90. Let the area BMP revolve about the axis of X ; it will 
generate a solid of revolution, which is a function of x, and 
which we denote by r. If a; be increased by 
PP' = h, then the area PMM'P' will generate 
the increment {v — v) of the solid. The rect- 
angle PQ will generate a cylinder, which is al- 
ways less than v' — r, and which 'uk measured 
by iry^h. The rectangle PM' will generate 
another cylinder, which is always greater than 
v' — t?, and is measured by *ie{y -f- PA -f Vh^fh ; hence we have 



Y 

A P F — ^ 



t/ -t> 



>^ry* 



and 



< ^(y + PA .+- PA«)'. 



therefore 



dv . 



dv = ^y^dx; 



that is, the differential of a solid of revolution t^ equal to the area 
of a circle perpendicular to tJie axis, multiplied by the differeniixil 
of the abscissa of the curve which generates the boundinp surface. 

For the solid generated by the area included between the cun'e 
and axis of Y, we may find in the same way, 

dv = ^x^dy. 

If we take the particular case of the ellipsoid, the equation of 
the generating curve being 
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WQ have 

u 
dv = flry'da? = *— (a* — a^x» 
a* 

GENERAL REMARKS. 

91. Heretofore, in our treatment of the subject, we have regard- 
ed the differential of the independent variable merely as an arbi- 
trary constant, Art. (7), without having fixed upon any particular 
value for it. All the demonstrations are then as true for one 
value, as for another. 

It is however of the greatest convenience, in the application of 
the Calculus to the higher branches of Mathematics and Physical 
Science, to regard this differential as infinitely small ; that is, 9o 
small (W to he contained in unity an infinite number of times ; and 
hereafter it will be so regarded. 

The advantages of so regarding it will appear evident after a 
few illustrations. Let us take first the simple function discussed 
in article (7), 

u = ox". 

After X has been increased by dx, we have there found 

tt' — tt = 2axdx + adJ^. 

Now, if the increment (dx) of the variable be infinitely small, 
the two states u and w' will plainly be consecutive, the expression 
for their difference being 

2axdx + adx? (1). 
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But since th is infiniu'ly small, its square will be infinitely small 
when compared with it : Ab may be shown by takipg the identical 
equation 

1 _ ^ _. ^ _ ij 

from which, since dx is contained an infinite number of times in 
unity, it appears that d:^ will be contained an infinite number of 
times in dx ; do? in di", <fec. : adj? will then be infinitely small 
with reference to 2axdx^ and may be omitted from expression (1) 
without materially affecting its value ; hence in this case 2axdx 
may he taken for^ or is the measure oJ\ the difference u' — u, 

lliis is true also in the general case, fur all the terms of the dif- 
ference, except the one which we have taken for the differential, 
will contain dx \o b, higlier power than the first [see equation (3), 
Art. (7)] ; they may then all be rejected, and the differential of 
the function taken, as the measure of the difference between two con* 
secutive states of the function. 

It is plain, also, since 

dii = pdx, d^u = qdji^y cPu = rdx^, &c Art. (26), 

that the second differential of a function is infinitely small when 
compared with the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small quan- 
tities of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely small quantify may he omitted with- 
out error, when connected hy the sign rb toith oue of a lower order. 

In the application of the Calculus to curves these principles are 
of great use. Let BMM' be a curve ; MP, M'F, 
any two consecutive ordi nates ; W = VV" 
__. p/q>///^ ^c^^ being each equal to dx\ then 
the difference between y and y', or y' — y = 
M'Q, is e(jual to dy\ and 2' — r = MM' = dz: 



£ 



126 DIFFERKNTIAL CALCULUS. 

Or since %' z may represent the difterence MM', M'M", 

M'^M'", between any two consecutive states of the arc, the differ- 
ent values of dz may in succession represent the infinitely small 
arcs MM', M'M", &c. the sum of all of which will be equal to the 
entire arc z. 

So the difference between the two areas BM'P' and BMP is 
*^qual to PMM'P' = ds ; and the different values of ds may in 
succession represent the infinitely small areas PMM'P', P'M'M"P", 
&c., the sum of all of which will equal the entire area s : And in 
general, if the variable be increased by its differential, the correa- 
ponding increment of the function may be repreaented by (he differ- 
ential of the function^ and the sum of all the different values of this 
differential will equal the function itself 

In accordance with the above principles, the expressions in arti- 
cles (86), (88), (89) and (90) are at once deduced. 

1. The arc MM' is equal to z* — z = dz; and since tlie limit 
of the ratio of the arc and chord is unity, they continually ap 
proach an equality as they decrease ; and when both are infinitely 
BmaU, the one may be taken for the other. But 



the chord MM' = Vmq' + M'Q* = Vdx" + c/y«; 
hence 

dz= y/d:^ -h dy*. 

And if jp, y and z denote the co-ordinates of the points of a curve 
v> in space, we may find in a similar way 

dw= ^d^ + df + (f2*. 



2. The area P^IM'P' = «' — « = c?5 ; and since the limit of 

PMM'P' 
the ratio ^ is unity, the area PMM'P', when infinitely 

small, may be talven for the rectangle PQ. But 
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PQ = PM X PF =yrfa;; 

heQce 

ds = ydx, 

3. The surface generated by the arc MM' is equal to u' — tt 
= (2u, and this will not differ from the surface of the frustrum 
generated by the infinitely small chord MM', which is equal to 

MM' 
[2flry + 2flr(y + dy)] -^^tIl- = ^2y + dy)dz = 2rydz, 

smce dy may be rejected ; hence 

du = 2iryd2 = 2flry Vdr* + dj^. 

4. The solid generated by the area PMM'P' = t>' — v = cfv 
will not differ from the solid generated by the rectangle PQ whidi 
is equal to 



hence 



^rMP" X PF = «7«(Zr ; 
dv = nr^dx. 



>i 



SINGULAR POINTS. 



0^. A singular j^nt of a curve is one at which there exists 
some remarkable property, not enjoyed by the other points. 
By a general discussion of the equation 

y^h-\-c{x^af (1), 
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we shall meet with some particular curves, on which some of these 
points will be found. 

1st. Let in he an entire and even number. 

By the differentiation, dec. of (1), we have 

g.= «ic(x-ar^ (2), § = «*("»- l)c(^-ar' (8> 



^ z= m(m - 1) 2.I.C. 



Placing 



!=»■ 



we obtain 



This value of x, when substituted in (1), (2), (3), <fec., gives 
y = 6, and reduces the successive ditferential coefficients to 0, as 
far as the mth, which, if c he jwsitive, becomes a positive constant, 
and is of an even order ; hence y = 6 is a minimum ordinate, 
Art. (67). 

Since for a? = a, we have -?- = ; the tangent line at the ex- 
ax 

tremity of this minimum ordinate is parallel to 

the axis of X ; and since (m and w — 2 being 

even) for all values of x excejjt x = a, t/ and 

-^ are positive, the curve at all of its points is 
convex towards the axis of X, Art. (83). 

If c he negative ; the mth differential coefficient will be nega- 
, tive ; and x ^= a and y ^=h VkiW be the co- 

ordinates of a point at which the ordinate 
is a maximum. In this case, the second 
differential coefficient for all values of x^ ex- 
cept Jt = a, is negative, and the curve; for all positive values of y, 
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J^ 



concave, and for all negative values of y, convex, towards the axis 
of X. 

2d. Let m be an entire and odd number. 

When a: = a, the first differential coefficient as before, is equal 
to 0, as also the second, third, <fec. Tlie with, however, ifc be po 
sitivc, is a positive constant, and of an odd order ; there is then, in 
this case, neither, a maximum nor a minimum, Art. (67). 

By examining the second differential coefficient, we see (since 
w — 2 is odd), that for every value of a: < a, 
it is negative ; that for x := a^ it is ; and 
when a? > a, it is positive ; hence for all values 
of a: < fl, which give y positive, the curve is 
concave towards the axis of X ; and for all 
values of ir > a it is convex, as in the figure. 
Therefore at the point whose co-ordinates are x = a and // = A, 
as X increases, the curve changes from being concave, and becomes 
convex, towards the axis of X. 

If c be negative ; the reverse ^ill be the case, and as in the se- 
cond figure, at the point M, whose co-ordi- • 
nates are x ^:= a and y = i» there is a change 
from convexity to conca\ity towards the axis 
of X. Such points are singular, and arc 
called points of inflexion. In both cases the 
tangent line at the point of inflexion is paral- 
lel to the axis of X, and also cuts the curve. 

3d. Let m be a fraction, the numerator and denominator of which 
are odd, as J. Then 




y=h + c{x — ay, 



dy 



3c 



dx 



6(ar^a)^' 



da;« 



3c 



5 5(a;_ a)^ 



.<fec. ; 
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X = a gives 



y = b 



dy_ 



g=oo.&c.. 



J 



Ifcbe positive ; — £ for all values of a? < a will be positive, and 
djr 

for all values of a: > a, negative ; hence for all 

values of x less than a which give y positive, 

the curve will be convex, and for all values of x 

greater than a it will be concave towards the 

axis of X, as in the figure. 

Ifche lugaiivt I the reverse is the case, as in the second 
figure. 

The point M, wha>e co-ordinates are x = a 
and y = 5, is in both cases a point of inflexion 
at which the tangent line is perpendicular to the 
axis of X. "WTience we may say : a paint of in- 
flexion is one at which, as the abscissa increases^ 
a curve changes from being concave towards any 
rif/ht line, not passing through the point, and becomes convex, or the 
reverse. 

If the right line be taken as the axis of abscissas, this point will 
always be characterized by a change of sign in the second differen- 
tial coefficient of the ordinate. For, since the curve on one side 
of the point is concave, and on the other convex, the second dif- 
ferential coefficient in one case has a diflferent sign from that of 
the ordin^ite, and in the other the same ; hence at the point the 
sign must have changed. In order that this may be the case, 
the second differential coefficient must be equal to zero, or 
infinity. 

The roots of the two equations 



L 



^-0 



and '?L 

dx' 



Z= 00, 
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will theu give all the values of the variable which can belong to 
points of inflexion. 

It sometimes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when b = 0. In this 
case X = a gives 



y = 



and 



l=«' 



,JL^ 



and the corresponding point M is a point of in- 
flexion, at which both the second diflerential 
coefficient and ordinate change their signs. 

It is evident from the preceding discussion, 
that if any right line be drawn through a point ' 
of inflexion, the curve on both sides of the point will either bo 
eonvex towards the line, or concave. 

4th. Let m be a fraction with an even numerator^ as |. Then 



y =zb + c(x — a)3, 



dy _ 2c ^ __ 

dx "" 3(x - a)* 57 "" 



2c 



3 3(a:— a)3' 



X = a gives 



y = J 



di_ 



d^y _ 



c being first regarded a* positive ; {{ x <C a, -^ will be negative, 

dx 

and if X > a, it will be positive ; hence at the point whoso co-or- 
dinates are x = a and y = ft, -?l must change its sign from 

minus to plus, which change indicates a minimum ordinate. 
Art. (66). 

If c be negative ; the reverse will be the case, there will be a 
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change of sign from plus to minus, and the ordinate will be a max 
inium. 

In the first case, the second differential coefll' 
(a) cient for all values of x is negative, and the ordi- 
M nate positive ; the curve is therefore concave to- 

wards the axis of X, as represented in fig. (a). 



V' 



A. 



In the second case, — ? is always positive. For 

all positive values of y the curve will then be convex, and for all 
negative values of y concave, as in fig. (b). The 
1^ tangent at the poinvM is in both cases perpen 

^^^ dicular to the axis of X. 

The point M is singular, and is called a cusp. 
It is a point at which the curve, when interrupt- 
ed in its course in one direction, turns immediately into a contrary 
one. 

5th. Let m be a fraction with an even denominator, as }. 
Since the denominator of the fraction indicates that the square 
root is to be taken, the double sign =b must be placed before 

{x — a)*, and we then have 

y == ft d: c(a? — a)*, 

rfy _ ± Icix - a)\ ^ ~ ± - I 

dx'^ ^ dx'" 4(a;~a)*- 

Every value of x < a gives y imaginary ; x = a gives y = ft, 
and x > a gives two values, one greater and the other less than 
ft. There is then no point on the left of that one whose co-ordi- 
nates are x = a and y = ^ ; but on the right of this point tlie 
curve must extend indefinitely and consist of two branches. 

x = a gives -^ = ; 

dx 

the tangent at M is then parallel to the axis of X. 
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Each value of a; > a gives two values for — -^, 

dsr 

the one positive corresponding to the greater 

value of y, and the other negative ; hence the 

upper branch is convex, and the lower concave, a 

dp- in the figure, and the point M is a cusp. 



-<■ 



93. Let us now take the equation 

from which we deduce 

y = «* =b X* 



dx 2 , 



da? 2 2' 



When ic = 0, we have y = 0. If a; be negative, y is imagina- 
ry. For every positive value of ar, there are two real values of y, 
both of which are positive as long as a;' > a:* or x < 1 ; after 
which, one is positive and the other negative. 



When a: = 0, 



dy 
dx 



= ; also when 



2±|** = 0, 



or X ■= ■ 



16 
2? 



hence the axis of X is tangent to the curve at the origin, and the 

1 R 

tansrent to the lower branch, at the point whose abscissa is 

« ' * 26' 

is parallel to the axis of X. 

The first value of ~ belongs to the upper branch, and is always 
d^ 



J 
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positive. The second value is also positive as long as 2 > i j * , 
or a; < -^j ; after which it is negative. 

Tlie origin is then a cusp, at which both 

J branches lie on the same side of the 

^^ common tangent, and- is of the second 

species^ those before discussed being of 
the Jirsi species. Tlio point of the lower branch whose abscissa 
is //y is a point of inflexion. 



94. By differentiating the equation 



y = b do{x -^ a) Var — c, 



we derive 



X — a 



f = ±vr—c±. — 

ax 2yx — c 



dy 



For every value of a: < c, y is imaginary. 

For « = c, y = ^ and 

For every value of a? > c, there are two real values of y. 

For X = a, y = ft, and 



^y -1. / — 



and at the corresponding point M there are two tangents, one 

making an angle, the tangent of 

^ ^Nodv/^ which is + Vo"^^ and the 

^ \^^^^S^ ^'^^^^ — Va — c, Tlie point M 

\ is singular, and belongs to a class 

^ called multiple points^ or points at 

which two or more branches of a curve intersect. If but two 
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intersed^ the point is a double multiple point ; if three, a triple , 
and so on. Since there will be a separate tangent to each branch, 
at one of these points, it will be characterised by two or more 
values of the first differential coefficient, for the same values of 
the variables. 



95. From the equation 

fl^ — *• + ix" = 0, 
we derive ^^ 



.=.^ 



af(x - b) 



^ "" 2Va{x'-b) 



Since ar = gives y = 0, the origin A is a point ot the curve. 
All negative values of x make y imaginary, as also all positive 
values less than b ; hence A has no consecu- 
tive point. Such points, given by the equa- 
tion of a curve, but having no consecutive 
points on either side, are singular, and are 
called isolated or conjugate points. At these 
points it is plain that no tangent can be drawn, 
and that therefore the corresjxmdinff vahie of 
the first differential coefficient must be imaginary ; as in the above 
example, x = gives 

dy ^ -b 

dx -y/'Z'^ 




96. We will close this branch of the subject by a disciufeion of 
the equation 

ay^ ^ sf + {b — cy + bcx = ; 
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whence 



= ±^- 



{x ~ b)(x + c) dy ^ ^ Sx' - 2x{b - c) - be 
a ' dx" 2V~a^(x-b) (x + c) 



Each of the values, a: = 0, x = 6, a; = — c, gives y = 0. 

Every negative value of ar > c gives y imaginary ; while every 
such value less than c gives two equal values of y with contrary 
signs : Every positive value of ar < 6 gives y imaginary, and every 
such value greater than 6, gives two equal values of y with con- 
trary signs. The cur^e is then symiri||ripal with reference to the 
axis of X. 

Each of the values, x = 0, a? = 6, « = — c, reduces -J: to oo ; 

dx 

hence at the three corresponding points the tangent is perpendic- 
ular to the axis of X. 
By solving the equation 

Saf* — 2x{b — c) — &c = 0, 

wc shall find two real values for a?, 
and thus determine the points at which 
the tangent is parallel to the axis of 
X. The curve may then be drawn 
as in the figure, in which AC = — c 
and AB = 6. 

If c = 0, the equation becomes 

ay« - aj» + &»« = 0, 

and the oval AC reduces to the conjugate point A, as in the pre- 
ceding article. 
If J = 0, the equation becomes 

ay* — «■ — c«" = 0, 
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and th^ curve takes the form indicated in figure 
(b), the origin being a double multiple point, since 

-f. becomes equal to ± ^ /f. CZ>\ 

If h and c are both equal to 0, the equation becomes 

ay* — «■ = ; whence y = =fc \/- , -^ — 

and the curve will be as in figure (c), the point A being a cusp of 
the first species. ■* 



OSCULATORY CURVES AND CURVATURE. 

97. It is now proposed to examine the tendency which curves, 
with a common point, have to coincide with each other in the vi- 
cinity of this point ; and also the use which may be made of this 
property of curves. 

Let there be the three curves BB', 
CC, DD', having the point M common ; 
the co-ordinates of the first curve being 
represented by x and y, those of the 
second by V and y', and those of the 
third by x" and y". 

Since the point M is common, for this we have 



^ 

/. 







AP = a? = a/ 



«" 



PM = y = y' = y". 



Suppose the abscissa AP to be increased by the variable A, we 
shall then have 

•^ ^ ^ ^ ^ dx ^ dj^ 1,2 ^ dj^ 1.2.3 

18 
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djf (US'* 1.2 dx'^ 1.2.3 

J \ -r J ar T ^^„ -r ^„ ^_2 ^ djc"' 1.2.3 ^ 



in which 



(fy (?y d^y 






dx' dx"' dj^ 

represent, what the first, second, <S:c., differential coefficients, ob- 
tained fi^m the differential equations of the first curve, become by 
the substitution of the co-ordinates of the common point 

.Jl , JL (fee, are corresponding values for the second curve ; 
dx* dx* 



^, ^, <fec for the third. 



dx" dx' 

By subtracting the second and third equations, each, member 
by member, from the first, and making 

dx dx' ^ dx dx" ' 

we have 

M'M" = AA + A'— + A"-^ + &c., 
1.2 ^ 1.2.3 

M'M'" = BA + B'— + B"-^ + kc. 

^ 1.2 ^ 1.2.3 

Now, if A be made infinitely small, the points M', M''', M'", will 
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becomet»€onsecutive with the point M, aud it is plain that the se- 
cond curve will approach nearer to a coincidence with the first, 
than the third does, if M'M" is numerically less than M'M'", 
that is, if 

AA + A'-^ 4. A!'— 4- <fec. < BA -f ^'— + B"_^^ -f. &c. 
1.2 ^ 1.2.3 ^ ^ ^ 1.2 ^ 1.2.3 ^ 

This condition will necessarily he fulfilled if A is equal to 0, and 
B is not, as we shall have, after omitting the fiwtor A, 

A' i. + A"-^ + &c. < B -f W— + B"-^- + <kc., 
1.2 1.2.3 ^ 1.2 1.2.3 

a true inequality when h is infiniU'ly small, as then the whole of 
the first member will be less than tiie finite quantity B. 

But A = gives ^=$:, 

that is, the first and second curves have a common tangent, or are 
tangent to each other at the common point. 

If A = and B = 0, the three curves have a common 
tangent, and in order that M'M" < M'M'", we must have 

A'— + A"-^ + Ac. < B'-^ + B"— -h &c., 
1.2 1.2.3 ^ 1.2 ^ 1.2.3 ^ 

which, it is proved as before, will necessarily be the case if A' = 
and B' is not. We have thus in addition the condition 

dx' "" dx'* ' 

K B' = or ^ = ^^" also, then M/M" < M'M'' 
djr djr"' 

if in addition to the other conditions we liave 
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A// n A ^y\ 

and in general the second curve will have a greater tendency than 
the third to coincide with the first, if the first and second have 
more equal successive differential coefficients of the ordinate at the 
common point, than the first and third. 

Two curves which have a common point, and the first differen- 
tial coefficients of the ordinate taken at this point equal to each 
other, are 'said to have a contact of the first order, or are simply 
tangent to each other. 

If tlie first and second differential coefficients of the ordinate ta- 
ken at this point are equal to each other respectively, the contact 
is of the second order. 

And, in general, if the first m differential coefiScients of the oi^ 
dinate taken at this point are equal respectively, the contact is of 
the mth order. 

To illustrate, take the two equations 

y" = 4^ (1), y = i^ + i (2). 

By comhining them we find a common point, the co-ordinates 
of which are 

a:" =1, y" = 2. 

By differentiation, we find from (1), 

1=1 W: ...»« ^=1, 

and from (2), 

!=• w' " ^-'- 

Differentiating again, we have from (3), 

g=-^; whence g--|l 
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aud from (4), 

g=0; whence £1 = <> 5 

The two lines liaviug a point in common, and the first diiTeren- 
tial coefficients of the ordinate equal at this point, have a contact 
of the first order. Since the second differential coefficients are not 
equal, the order of contact is no higher than the first. 



98. The constants which enter into the equation of a curve de- 
termine its extent and position with respect to the co-ordinate 
axes. If then one curve be given completely, and another in kind 
only, by its general equation, the constants in this equation being 
arbitrary, we can evidently assign such values to them as shall 
cause the curve to fulfil as many conditions as its equation contains 
constants ; that is, we may make the co-ordinates of one point of 
the second curve equal to those of a given point of the first ; and, 
in addition, as many differential coefficients of the ordinate taken 
at this point, for the second curve, equal to the corresponding ones 
of the first, as there are constants to ]^ disposed of, less one ; thus 
giving to the second curve an order of contact at a given point of 
the first, denoted by the number of constants less one. 

To ascertain the vaUies which must be assigned to the arbitrary 
constants : Obtain first, the value of the ordinate from the equation 
of the second curve, (the abscissa being assumed equal to the ab- 
scissa of the given |>oint,) and place it equal to the ordinate of the 
given |)oint; or what amounts to the same thing, substitute the co- 
ordinates of the given point in the equation of the second curve ; ob- 
tiiin then the first differential coefficients of the ordinate by differen- 
tiatingthe equation of each curve, substitute in these the co-ordinates 
of the given point, and place the results equal ; do the same with 
the successive differential coefficient*^, until as many equations are 
formed as there arc arbitrary constants. By the solution of thes* ' 



142 DIFFEKKStflAL CALCULUS. 

equations we can find tho^i values of the constants which wiD 
cause the conditions to be fulfilled. These, substituted in the 
equation of the second curve, will give an equation which will re- 
present the particular curve having the required order of contact 

The curve, which at a given point of a given curve has a higher 
order of contact than any other of the same kind, is called an o*- 
culatrix. Thus, an osculatory circle is one which has a higher or- 
der of contact than any other circle. 

Since no more conditions can be assigned than there are con> 
Litants ; the highest order of contact which can he given to a curve^ 
is denoted by the number of constants less one^ which enter its most 
general equation. 

Let these principles be applied : 

Ist To find the equation of an osculatorj right line. 

Let the equation of the given curve be 

and the co-ordinates of the given point, x" and y''. For thk 
point, we have 

The most general equation of the right line is 
y = ax^ h (1), 

containing but two arbitrary constants. The first conditiotp to be 
fulfilled is, tbat the value of y deduced from this equation, when 
X = x", shall be equal to y", that is 

y" = ax" + b (2). 

The first differential coefficient of the ordinate derived from the 
equation of the given curve is ~ , which for the given point be- 
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comes -=L-« The first differential coefficient derived from eauar 

dz" 

tion (1) is 3=. = a ; hence the second condition is 
ax 

By the solution of equations (2) and (8), we find 

dx" * (to" 

These values in (1), give the equation 

This, as it should be, is the same equation as that deduced in 
Art. (79). 

2d. To find the equation of the osculatory circle at any point 
of the curve. whose equation is y =J\x), 

Denote the given point, or point of osculation, by «" and y". 

The most general equation of the circle is 

(x-a)' + (y-,8)' = R''. (1), 

containing three arbitrary constants. A contact of the second or- 
der tfiay therefore be given to the circle. 

By differentiating the equation y =f{x), and substituting «" 
and y" in the first and second differential coefficients, we obtain 

f- -d % 

dx" rf«"» 

Differentiating equation (1) twice, we have 

(«-a)d« + (y — /3)c?y=0; whence $? = - f-=L?, 

dx y "~ p 
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1 + 

^ + rfy« + (y-i8)rf«y=0; whence ^= ^. 

But the conditions that the circle be an osculatrix are, {x being 
assumed equal to x"^) 

^ dx dx" di? "" 1^ 
We shall then have for the three equations of condition, 
(:c'/_a)« + (y"-/3)*=R» (2), 



•f//> 



1 + !^ 

dx*' -^ y" — p ^ ^' dr"« y" - /3 ^ ^* 

By the solution of these, we can find the values of R, a and /8, 
which substituted in (1) will give the equation of the osculatory 
circle. 

To illustrate, let us seek the equation of the circle osculatory to 
the parabola whose equation is 

y'=4x, 

at the point whose co-ordinates are a?" = 1, y" = 2. 

Difl'erentiating the given equation twice, and substituting the co- 
ordinates 1 and 2, we find 

1=1; whence gS!" = 1 J 

^ ±. « ^' = _i 
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'These values, with the co-ordinates of the given point, placed in 
the equations of condition, give 

(l-«)« + (2-/3)> = R« 

1 — et 1 2 . 



1 = 



2-/3 2 2— jS 

whence 

a = 5 /3 = — 2 R= V32, 

and the equation of thcJ osculatory circle will then be 
(x— 5)« + (y + 2)« = 32. 



99. Since in the three equations of condition just considered, a?" 
and y" may, in succession, l)e made to represent every point of 
the given curve, we may omit the dashes and write the equntions 
thus 

(:r-a)' + (y-^)»=R« (l), 

^--^-S^y-*^) (2), 

y-^ = wy— •••^'^' 

in which it must be recollected, x and y are the co-ordinates of 
the point of osculation, a and jS the co-ordinates of the centre of 
the osculatory circle, and R its radius. 

Substituting in (1) the value of a? — a, and reducing, we ob- 
tain 

19 
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R. = (y _ ^y + |:(y - ^)' = 0, - ^)'(^^^); 

whence, by the substitution of the value of y — /8, 

which is a general value for the radius of the osculatory circle. 
If z denote the arc of the given curve, then 



. dz = Vdj^^fd^ Aft. (86); 

hence the above expression for R becomes 

d:? 



R=± 



dxd^y 




100. If 9 denote the angle made by the radius of the oscula- 
tory circle drawn to the point of osculation, yaih a fixed line as 
OP, M and M' two consecutive points, and MC and- M'C the 
corresponding radii intersecting at C, then 

MC = R, MM' = dz, nn' = d:^ Art. (91). 

Since MCM' may be regarded as a triangle 
'^ ** right-angled at M, we have 

MM' = MC tang MCM', 

and ^i^c« MCM' is infinitely small, the arc which measures it may 
be takcu for its tangent ; hence 

dz = Ri(p, and R = -— . 
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fOl. The first value of R in article (99) has been deduced under 
Uje supposition that .r is the independent vari.-ible. It is soiue- 
timos desirable to change this indej)endent vririable, during the 
discussion of expressions of this kind, and to regard y or some other 
variable quantity in the expression as the independent one. A 
more general expression for li may be obtained without the par- 
ticular supposition referred to, if we recollect that — has been de- 

dx 

duced b/ the differentiation of ~ regarding d{dx) = 0, 

If wo differentiate this expression on the supposition that lx)th 
dy and itr. are variable, we have 



'm 



dxd^y — dyd^x 
d^r~^' 



which must take the i)lace of — ^, or for 

dx 

dxcPy we must put dxd^y — dyd'x. 

The value of R thus becomes 

R = ± S^+_j!nL = ± ^^ (1). 

dxd^y — dyd^x dxd^y — dyd^x 

If in this, dx be regarded as constant, we shall have the value of 
R, as in article (99). 

If dy be constant, or y regarded as the independent variable, 
then 



R = =p S^±Jf)^^ ^ A^ 



dyd^x dyd^x 

If 2 be regarded as the independent variable, d% will be constant, 
and rf(d2') = ; whence 
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dxd^x + dyd^y = 0. 

Adding the square of this, to the denominator of the value of R' 
taken from (1), we have 

!>._ d^ d:f 

R = =b ''' 



V{d^yy -h {d'xy 



102. Since the curve and osculatory circle at a given point have 
a tangent In common, they must also have the same normal ; but 
the normal to the circle passes through its centre, the normal to 
the curve must then pass through this centre ; or the radius of the 
osculatory circle, drawn to the point of osculation, is normal to the 
curve. 



103. Let BB' be any curve, and CC an arc of the osculatory 

. circle. Then since -? = -^ and --^ = —4^ 
* -B dx da/ da? dx^^ 



^^<^,, we shall have, Art. (97), 



M'M" = A"— + A'"— ^ + &c (1). 

1.2.3 ^ 1.2.3.4 ^ ^ ' 



When h is infinitely small, the sign of M'M" will dei)end upon 
that oi the first term of the series, which will have the same sign 
as A" when h is positive, and a contrary one when h is negative ; 
that is, M'M" and mfrn*' have contrary signs. If then'M" is below 
the curve BB', m" will be above it, and the reverse ; and the circle 
CC must intersect the curve at M. 

Tt may be shown in the same way, that any osculatrix of an 
even order intersects the curve ; while one of an uneven order does 
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not . As, when the order of contact • is even, the first term of (1) 
will contain h with an odd exponent, and will therefore change its 
sign when h becomes — k. This will not be the case when the 
power of h in the first term of (1) is denoted by an even number. 

The osculatory circle, however, does not intersect at those pomts 
about which the curve is symmetrical with its normal. For, ordi- 
natcs being drawn from the points of both, perpendicular to the 
common normal, if the ordinate of the curve on one side is greater 
than the corresponding ordinate of the circle, it will be so on the 
other side ; as may be seen in the figure, 
in which, if pn > jpo, then pn' > po' ; 
or if jwi < poy then pn' < 2^ ; hence, 
in this case, in the vicinity of the point M, 
the circle lies entirely within or entirely 
without the curve. In these cases it will 
be found that the order of contact of the 
circle is odd, and higher than the second, for unless A" = 0, the 
circle must intersect, as shown by the preceding demonstration. 

Since the osculatory circle has a more intimate contact with a 
curve at a given point than any other circle, it will necessarily se- 
parate those circles which are tangent without the curve from those 
which are tangent within. 




104. The curvature of a curve at a given point is its tendency to 
depart from its tangent at that point. Thus, of the 
two curves AC and AB, having the common tan- '^ ^^^S~I ^ 
gent AD, the former has a greater tendency to de- c ^» 

part from the tangent, and has the greatest curva- 
ture. 

The curvature of the circumference of a circle, is evidently the 
same at all of its points, but of two different circumferences, that 
one curves the most which has the least radius ; as in the figure, 
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the tendeucy of abd to depart from the taa- 
gent is greater tlian that of ab'd\ and this 
tendency plainly increases as the radius de- 
creases, and the reverse ; that is, the curva- 
ture in two different circles varies inversely 
as their radii. 

This l»eing the case, the expression — may be taken as the mea- 

sure of the curvature of a circle whose radius is li. 

. Since the contact of the osculatory circle with a curve is so in- 
timate, its curvature may be taken for the curvature of the curve 
at the point of osculation ; and the two in the immediate >icinity 
of this point, may be regarded as one and the same curve ; hence, 

to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the curvatures of 
the osculatory circles drawn at these 
points. Thus in the curve MM', 




curvature at M : curvature at 



1 



105. The radius of the osculatory drcle at a given point of a 
curve is called the Radius of Curvature, at that j)oint. The gene- 
ral value of this radius is given in article (99), and it may be 
found for any particular curve, by differentiating the equation of 
the curve, and substituting the derived values of dy and d^y in th« 
formula, 



R = dr 



dxd^y 



If the value at any particular point of the curve be required 



DIFFERENTIAL CALCULUS. 151 

for X and y in the value just deduoed, substitute the co-ordinatea 
of the particular point 

As bnly the absolute length of the radius of curvature is re- 
quired in determining the curvature of curves, we may use either 
the plus or minus sign of the formula. It is best, in general, to 
use that which, taken with the sign resulting from the expression, 
will make R essentially positive. 

Let it now be required to find the general expression for the ra- 
dius of curvature of Conic Sections. 

Their equation is ^^^ ,,{'-"'- '>■'•' 

j^^mx + n^', whence dy = {^ + '^rix)dx ^ 

^ _ 2nydx^ — (m + 2nx)dxdy _ [4ni^ — {m -\- 2nxy]dj^ 
These values substituted in the formula, give 



2m^ 

and this, after dividing both terms of the fraction by 8, may bo 
put under the form 



/ .i.. 



^ _ (Vmx +nx^ +i {m -{- 2nj)')' 



T 



(1); 



the numerator of which is the cube of the normal, Art. (82) : 
Qence the radius of curvature at any point. of a conic section, is 
the cube of the normal divided by the square of half the para^ 
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me/rr, and the radii at different points are to each other as the 
cubes of the corresponding normals. 

If in (1) we make « = 0, we have, at the principal vertex, 



R = — =s <yM half the parameter^ 



which for the ellipse and hyperbola is — . 

A 

The radius of curvature at the vertex of the conjugate axis of 
the ellipse is obtained by substituting in (1), 



2B' B" , . 

TO = -— , n = — — , and a? = A. 



llie result is 



R = —- = one half the parameter of the conjugate axie. 



j It may be readily shown that ~ is the least value which R ad- 

I mits of ; therefore the curvature at the principal vertex of a co- 

. A' . 

nic section is greater than at any other point. Likewise, — is 

the greatest value of R in the ellipse ; hence the curvature of the 
ellipse is least, at the vertex of the conjugate axis. The curva- 
ture of the other two curves diminishes as we recede from the 
vertex. 

For the parabola n = ; we then have 



2m* 
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EVOLUTES. 

100. If at the different points of a given curve osculatory 
circles be drawn, and a second curve 
traced through their centres, the latter 
is called the Evolute of the former, 
which is the Involute, Thus CC" is 
the evolute of the involute MM'". 
Points of the evolute may always be 
constructed by drawing normals at the 
different points of the involute, and on 
each of these normals laying off the 
corresponding value of R, deduced as in article (105). 




lOY. If a and /3, the co-ordinates of the centre of the osculatory 
circle, be regarded as variables, they will determine all the points 
of the evolute ; but a, j8, and R, are functions of x and y, the co- 
ordinates of the points of osculation ; and the relation between 
these five variables is expressed by the three equations of Art (99), 
which may be written thus, 

(a:-a)» + (y-^)' = R' (1), 

(x-a)cir+'(y-i9)dy = (2), 

(y - pyy + df + dj^ = (3). 

If we differentiate (1) and (2), regarding all the quantities, ex- 
cept dxy as vaiiables, we obtain 

(x - a)dx 4- (y - ^)dy - (x - a)da - (y - i3)d/3 = RiR, 

dx^ + dff 4- (y - ^)<t^J — dxdoL — dyd^ = 0, 
l>0 



% 
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and these, by means of equations (2) and (ii), are i e*duced to 

— (a? - a)da - (y - /^H^ = IWR (4), 

— dxda — dydjS = (5). 

Equation (5) gives 



.(6). 



dy^ da' 

J— 

^ — is the tangent of the angle which a normal to the involute 

at the point (x, y) makes with the axis of X, Art. (81), and ~l is 

da 

the tangent of the angle which a tangent to the evolute at the 

point (a, j3) makes with the same axis ; hence thete angles are 

equal. But the normal at the point (x, y) passes through the 

point (a, /3), Art. (102) ; therefore the normal and tangent form 

one and the same line ; that is, the radius of curvature is normal 

to the iiwohiie^ and tangent to the evolute. 

The evolute may therefore be constructed, by drawing a curve 
tangent to the normals at the different points of the involute. 

From what precedes, it is plain that the evolute may be re- 
garded as formed by the intersections of the consecutive normals 
to the involute, and that the jx>int of intersection of any two con- 
secutive normals may be taken as the centre of the osculatory 
circle, which passes through the two consecutive points of the 
involute at which the normals are drawn. 



108. Equation (6) of the preceding article, combined with (2), 
gives 
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Substitutiiig this valae in (1), we have, after reduction, 
(j,_^).(^?!^ = R. (7). 

Substituting the same value in (4), reducing and squaring both 
members, we obtain 

Dividing this by (7), member by member, and taking the root. 



Vda" + dff' = dK 
But if z represent the arc of the evolute, we have 

' dz = Vda" + rf^« Art (86); 

hence 

dR = dZy (ffi— rf«=0, d(R— a;) = 0; 
whence R — « must be a constant, Art (14), or 
R = a? + c. 



109. If any two radii of curvature be drawn, as one at M and 
the other at M' ; the first being denoted by R, the second by R', 
and the corresponding arcs BC and BC bj z 
and z', we have 

\*> 

R = z + c R' = z' + c; 

whence 

. R' - R = z' - «; 
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that is, the difference betioeen any two radii of curvature is equal to 
the arc of the evolute intercepted between them. 

If in the equation R = z + c, we make ar = 0, and denote bj 
r, the corresponding value of R, we shall have 

r = + c = c; 

that is^ the constant c is always equal to the radius of curvature 
which passes through the point of the evolute, from which its arc 
is estimated. 




If we estimate the evolute of the ellipse 
from the point C, we have 



c = MO = ti Art (106). 

j9l 



hence 



A 



Also, since 



M'C'=^, 



M'C — MC = ^ _ 5' = CC. 

jj A. 



If the evolute and one point of the involute be given, and a 
thread be wound upon the evolute and drawn tight, passing 
through the given point M, fig. (a) ; when the thread is unwound 
or evolved^ the point of a pencil first placed at M, will describe the 
involute ; for, by the nature of the operation, CC is always equal 
to M'C -MC. 



no. Thv equation of the evolute of any curve may be found 
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thus: Differentiate the equation of the in\olute twice; deduce the 
expressions for dy and d^y^ and substitute in the equations 



y^P^^^-M (1) 

*-*= -|(y-/3) (2) 



^ Art (99); 



oomhine the results, which will contain the four variables a, j8, or, 
and y, with the equation of the involute, and eliminate x and y ; 
the final equation will contain only a, j3, and constants, and will 
therefore be the required equation. 

As an example ; let it be required to find the equation of the 
evolute of the common parabola. 

The equation of the involute is 

y" = 2px ; whence -i. = ^; 

dx y 

Substituting these values in (1) and (2), and reducing, we have 

y - ^ = ^ + y ; ^l^ence - ^ = ^ (3) ; 

F F 

x — a=-^^p (4); 



and putting for y, in (3) and (4), its value V^px = (2/>)*« , we 
have 

. 2*2* 
— /3 = , a? — a = — 2x — J). 
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The value of a; = ~(a — p) taken from the last equation, 
8 

and substituted in the preceding, gives 

which is the required equation. ' 

If we make jS = 0, we have « = 1>, and laying off 
AC = p, C will be the point at which the 
evolute meets the axis of X. If we trans- 
fer the origin of co-ordinates to this point, we 
have-- 

hence 

Since every value of a' gives two values of jS', equal with con- 
trary signs, the curve is symmetrical with the axis of X. If tt' 
be negative, /3' is imaginary, and the curve does not extend 
to the left of C. The branch CC belongs to AM, and CC" to 
AM'. 



TRANSCENDENTAL CURVES. 

111. The most general division of curves is into the classes, 
Algebraic and Transcendental, 

When the relation between the ordinate and abscissa of a curve 
can be expressed entirely in algebraic terms [see Art. (5)], it be- 
longs to the first cla<s ; and when such relation can not be ex- 
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pressed without the aid of transcendental quantities, it belongs to 
the second cltiss. 



112. One of the most important of the latter dass is 

**-^ THE LOGARITHMIC CURVE, 

SO named, because it may alwa3rs be referred to a set of co-ordinate 
axes, such that one co-ordinate \vill be the logarithm of the other. 
Its equation is usually written 

y = log ar, 
or, if a be the base of the system of logarithms, 

0? = a^ 



The curve is given when a is known, and 
may be constructed by laying off on the axis 
of X the different numbers, and on the cor- 
responding perpendiculars, the logarithms of 
these numbers: Or it may be constructed 
from the equation x = a*', by making y = i, 
}, i, <&c. ; whence the corresponding values 
of X are 



When y = 0, a? = 1. This being the case for all systems 
of logarithms, shows that all logarithmic curves, when referred to 
the same axes, cut the axis of X, or axi> of numbers, at a distance 
from the origin equal to unity. 

If a > l,and x > 1, y is positive and increases as x increases; 
if a; < 1, y is negative and increases numerically as x decreases 
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until X = 0, when y = — oo . If ^ be negative, there will be no 
corresponding value of y. The curve will then bo of the form in- 
dicated by the full line in the figure. 

If a < 1, the reverse will be the case, and the curve will be re- 
presented by the dotted line. 



.113. If now we differentiate the equation y = log x, M being 
tbe modulus, we deduce 

When « = $^ = — =qo; 

dx 

hence the tangent at the corresponding point is the axis of Y ; and 
since for a? = 0, y = — oo , this tangent is an asymptote. 

When ;r=oD, $J = ^ = 0. 

' dx » 

But X = 00 gives y = oo ; hence there is no tangent parallel to 
the axis of X, at a finite distance from it. 

The value for the subtangent on the axis of X is 

If the subtangent be taken on the axis of Y, we have 

dx 

that is, the subtangent on the axis of logarithms ia constant, and 
equal to the modulus of the system in which the logarithms are 
taken. 



/ > 



r • 

/ 
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If M = 1, SS' = 1= AB. 

Since, when a > 1, — ^ is negative for all values of x, the part 



BM ]& concave towards the axis of X, and BM' convex. 

When a < 1, M is i 
convex and Bm concave. 



When a < 1, M is negative, --^ will be positive, the part Bw' 



114. Another remarkable transcendental curve is, /; 

THE CYCLOID, 

which is generated by a point in the circumference of a circle, ^. 
when the circle is rolled in the same plane, along a given straight 
Une. 

Let AB be the given line, and suppose the circle to have been 
placed upon it, so that the generating point was at A, and then to 
have been rolled to the position RME. 

The generating point now at M, has generated the arc AM. 




Take the origin of co-ordinates at A, and let AP = rr, PM = y 
and RE, the diameter of the generating circle = 2r ; then 

AP = AR - PR (1). 

But since every point of the circumference from M to R, as the 
circle was rolled, came in contact with AR, we have 

AR = arc MR = ver-sin-^RN = ver-sin-'y. 
21 
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Also, 

PR = MN = \/KN X NE = Vy(2r - y) = V2ry -/• 
Substituting the values of AP, AR and PR in (1), we have 



X = ver-sin-V — \/2r7^^^V^ (2), 

which is the equation of the Cycloid. 

After the circle has been rolled over once, every point of the 
circumference will have been in contact with AB, and the genera- 
ting point will have arrived at B ; we have then 

AB = circumference of generating circle = 2iit. 

The given line is called the base of the Cycloid, and the line 
CD = 2r perpendicular to AB at its middle point, is the axis. 

If the rolling of the circle be continued beyond the point B, an 
infinite number of arcs, each equal to ADB, will be generated. 

Every negative value of y in equation (2) makes x imaginary ; 
hence there is no point of the curve below the axis of X. 

y = 2r, gives x = ver-sin"*2r = rr = AC. 

Every value of y > 2r makes x imaginary ; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. 

By differentiating (2) we have. Art. (42), 

dx = ^<^y _ ^^y - y^y . 

V2rg — y* V2ry — y« 



or reducing 



d. = -yM== (3). 

V2ry — y« 
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which is the differential equation of the Cycloid. 

115. Substituting the preceding value of dx in the formulas of 
article (82), and reducing, we have 

Suhtangent, PT = ^ 



Tangent,m ^ 11^^. 
V'lry — y" 

Sulmonnal,TR= V'2ry — y*. 

formal, MR = V2ry . 

Sinc^ the subnormal PR = V^ry — y* = MN, the diameter 
£R and normal MR intersect the base at the same point. Hence, 
to construct the normal at a ^ven point, join it with the point 
at which the corresponding position of the generating circle s 
tangent to the base : Or, upon the greatest ordinate CD as a 
diameter, describe a circle, and, through the given point M, draw 
a line parallel to the base, from the point F in which it cuts the 
circle, draw the two chords CF and DF to the extremities of the 
diameter ; a line through the given point parallel to CF will be 
the normal, and one parallel to DF the tangent. 

If it be required to draw a tangent parallel to a given line as 
T'T" ; draw the chord DF parallel to the given line, from F draw 
FM parallel to the base ; the point M is the point of contact, 
through which draw a line parallel to T'T". 

116. From equation (3), article (114), we have 

dy ^ V2ry-y' ^ /2r_^ ^^^^ 

dx y * » 
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ivhicb becomes ^hen y = 2r, and ao when y = ; hence at 
the extremity of the greatest ordinate, the tangent is parallel to 
the base ; and at the points A, B, <fec., where the curve meets the 
base, it is perpendicular. 

If we square both members of equation (1), we have 



dy* 2r . 




Differentiating both members of this, we have 




2(/yrf*y 2rdy d^y 
dx' ~ y« ' rf-c* ■" 


r 

~7 



This second differential coefficient being negative for all values 
of y, the curve is concave towards the axis of X, Art (83). 



117. Substituting the values of dy and d^y in the expression 



{d^ + df)^ 



dxd}y 
we obtain 






R = 

rd:i^ 



or since y 2ry is the expression for the normal, Art. (115), (h€ 
Radius of Curvature is equal to twice the normal at the point of 
osculation. 

If y = 0, R = ; and if y = 2r, R = 4r ; 

hence the radius of curvature at A, (see figure in next article) 
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is equal to 0; and at D is 4r; therefore, Art. (109), the arc 
AA' = 4r. 



118. To obtain the equation of the evolute let us substitute the 
values of dy and d^ in equations (1) and (2) of article (110). 
After reduction, we find 



y — j8 = 2y, a? — a=— 2V2ry — y*; 



whence 



y = — /3, ar =a— 2\/ — 2r|e — ^*. 
These values, in the equation of the involute, Art. (114), give 
a = ver-sin-» - /3 + V — 2r/3 - ^ (1), 

for the required equation. 

If we produce DC to A' making CA' = DC, and then transfer 
the origin to A', the new axes being 
A'X' and A'D, and the new co-ordi- 
nates a' and j3', we shall have for 
any point, as M', 

AG = a, GM' = - /3, 



< 


—J 

» 


> 


a'-X 


\ 


c ^ — 

( 


X' J 


V ■"] 


V 



AF = . 



FM' = j8'. 



Since AC = «r, and CG = AT', 

a = «r — a' ; 
and since GP' = 2r, 

GM' = 2r - jS', or - j3 = 2r - /8'. 
Substituting these values in (1), we have 
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irr - a' = ver-sin-'(2r - fi') + V2r/3' - /3'* 
whence 



a' =; irr - ver-8in-»(2r - jS') - V2rj3' -/3'«; 

But AT — ver-siii~*(2r — j8') = ver-flin"'i8' ; hence the last 
equation becomes 

a' = ver-sin-*i8' — V2r/3' - /S'S 

which is tlje equation of the evolute referred to the new axes, and 
is of the same form and contains the same constants as the equa- 
tion of the involute, therefore the two curves are equal. 

Since arc AA' = 4r, its equal AD = 4r, and ADB = 4.2r: 
that is, equal to/our times the diameter of the generating circle. 



THE SPIRALS. 

119. K a right line be revolved uniformly, in the same plane, 
about one of its points ; a second point of the line continually ap- 
proaching, or receding from the fixed point, in accordance with 
some prescribed law, will generate a curve called a spiral, 

llie fixed point is called the pole or eye of the spiraL The por- 
tion of the spiral generated while the line makes one revolution, is 
called a spire ; and since there is no limit 
to the number of revolutions, the number 
of spires is infinite, and any straight line 
drawn thro]iiigh the pole of the spiral will 
intersect it in an infinite number of points. 
The system of polar co-ordinates being 
used to determine the different points of a 
spiral, it^i^quation will, in gimeral, be of the 
form 
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in 'whidi u denotes the radius vector, and t the variable angle. 
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120. Before discussing the particular spirals, it will be necessary 
to determine general expressions for the subtangent, &c., and the 
differentials of the arc and area, in terms of polar co-ordinates. 

The subtangent, in such case, is the part of the perpendicular to 
the radius vector of the point of contact, intercepted between the 
pole and the point where the tangent meets this perpendicular. 
Thus, if A be the pole, and MT the tangent, AT perpendicular to 
AM is the subtangent. To find the ex- 
pression for it ; let the arc t receive the 
increment PP', (AP being = 1) ; de- 
scribe MC with the radius AM = u; 
draw the chords MC and MM', and the 
hne AT' parallel to MO, and produce 
MM' to T'. From the similar triangles 
MM'C and M'AT', we have 




M'C:MC::M'A:T'A; 



T'A = 



MC X M'A 



M'C 



.(1). 



Also from the similar sectors APP' and AMC, 
1 : PP' : : AM : arcMC; arcMC = AM x PP. 

Now suppose the increment PP' = dt, then M'C = du. 
Art. (91), M' becomes consecutive with M, the secant M'T' 
coincides with the tangent MT, T'A = AT, ' AM' = AM = ti 
and chord MC = arc MC = udt. 

Making these substitutions in (1), we have 



AT = subtangent = 



u'dt 
du 



(2). 
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From this we deduce 

AT KT udt . .,«p 

— = = — = tanir AMT. 

u AU du * 

The tangent MT = VaJVT + AT" = u\/l -f u»^ . 

V du* 

The similar trianglee AMT and AMR, give 

AT : ti : : tt : AR; AR = J^ = ^ = tubnormal. 

AT dt 

When M' is consecutive with M, MM'C may be regarded as a 
triangle, right-angled at C ; hence 

MM' = VWW+W. 

But MM' is the differential of the arc ; therefore 

dz = Vdu* + «W, 

If ADM be any segment, AMM' will be its increment when 
t is increased by dt. Calling the segment «, AMM' will then be 
ds, and may be measured by the sector AMC. But the area of 
the sector 

AMO = IaM X arcMC = "*^: 
2 2 ' 

hence 

2 

It should be observed, that all of these expressions may be 
found precisely as in the corresponding cases in rectilinear o vordi- 
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nati.'S, but it is bcttpr Uy avail oui-selves of the more simple process 
indicated in tlie general remark, Art. (91). 



121. An equation, from which the particular equations of most 
of the spirals may be deduced by assigning particular values to a 
and n, is 

tt = ar 

If n be positive, ^ = will give tt =» 0, 

and the spirals represented by the equation have iheir origin at 
the pole. 

If 71 be negative, t = will give « sa oo , 

and the spirals have their origin at an infinite distance, contin* 
uaily approach the pole, and u becomes equal to only when 
! = '«. 



122. Let n s= 1, then ti = d/, 

and if w' and t', u" and <", represent the co-ordinates of any 
two points of the spiral, we shall have 

whence 

tt' : u" :: t' : e\ 

or the law in accordance with which the generating point must 
move is, that the radius vectors shall be proportional to the corre9^ 
ponding angles* 
The curve thus generated is the Spiral of Archimedes, 
22 
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If we take foi the unit of distance, the length of the radios 
vector after one resolution ; then u = 1, < == 2^, and the 
equation gives 



1 = o.2», 



a = 



2* 



and the primitive equation becomes 
t 



2^r' 



whence 



2^ 



r' — Td*--. 



This spiral may be constructed by dividing a circumference into 
any number of equal parts, as 8, and the radius AB into the same 
number of equal parts. On the radius AG lay off one of these 
parts ; on AD two, AE three, &c; on AB 
eight, then again on AC nine, &c. The 
distances thus laid off will be proportional 
to the angles BAG, BAD, d^c, and the 
curve through their extremities the re- 
quired spiral. 

Substituting the values of u and du in 
equation (2), Art. (120), we have 




AT = subtangent = — . 
2* 



If < = 24r, that is, if the tangent be drawn at the extre- 
mity of the arc generated in one revolution, we have 

AT = 2«' = circumference of measuring circle. 

If < = m.24r, or the tangent be drawn at the extremity 
of the arc generated in m revolutions, 



AT = m^,2t = m.2m» ; 
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that is, equal to m times the circumference described with the radius 
vector of the paint of contact. 

For the Bubnormal we find 

dt 2* 



123. If n ^ i, the general equation becomes 

tt = ar , or v^ = aH. 

This equation being- of the same form as that of the parabola, 
the curve given by it is called the Parabolic Spiral, 

It may be constructed by first constructing the parabola whose 

equation is y' = a*j, and then laying off from P to B, C, 

D, &C,, Along the circumference, any assumed 

^ jL^^ abscissas, and from A to M, M', &c., the cor- 

/'X I y^ responding ordinates ; the points M, M, &c., 

/ /\f)''''' 'J "will be points of the spiral, since for each We 

i ( X ' />• V 

11 / have 

'^>'. -'^ f == aV, or tt* = a\ 

2tt' 
The Bubtangent at any point is AT = -— .. 



124. If n = — 1, u =z at" becomes 



u = ar^ = -, or ut = a, 



and the spiral thus given is* called the Hyperbolic Spiral, 

If u* and t'^ u" and V\ be the co-ordinatos of any tv^o points of 
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the spiral, we have u' =— , and u" ss ^; whence 

or the radifnt vectors are inversely proportional to the angles. 

If M be any point of the spiral, 

AM = tt, MAP = t. 

The right-angled triangle MAP, gives 

MP 
u = - — . 
sin^ 

Substituting this value of u in the equation ut s a, we find 

MP == a'J^. 
i 

As ^ is diminished, this value approaches nearer to a, and since 
1 ; when < =s 0, wo have MP s= a. 




/sin t\ 



If then at a distance AC = a, a line be drawn parallel to AP, 
it will continually approach the curve and touch it at an infinite 
distance. 

The subtangent AT = ?^ = — a. 
an 

It is then constant and equal to AC. Also, 
!fl^= tangAMT« - <; 
that is, the tangent of the angle made by the tangent and radius 
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vector is equal to the arc which meaiures the angle made by the ro" 
dius vector and fixed line. 

We may apply these properties to the construction of the curve 
by points, thus : With A as 
a centre and radius = a, de- jj^^r^^r.. 

scribe a circle ; join any point 
T with A, draw the indefinite 
radius vector AM perpendic- 
uhir to AT. Make AD = 
arc PN ; join D and N, and 
draw TM parallel to DN, M will be a point of the curve ; for by 
the construction 

AD = tang AND = tang AMT = arc NP. 




125. The spiral represented by the equation 
< = log u 
is called the Logarithmic Spiral. 

Differentiating, we find 

,. Mrftt 
at = ; 



whence 



tangA^IT = !^^ = M; 
° du ' 



that is, the angle formed by the radius vector and tangent is con 
slant, and the tangent of this angle is equal to the modulus of the 
system of logarithms used. 

If the Naperian system be chosen, M = 1, and AMT = 45®. 
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Since < is tho logarithm of i/, if it be increased unifonnlj, so that 
the different arcs t, t', t'\ dbc, shall be in 
arithmetical progression, then u, «', «'', Ac., 
must be in geometrical progression, and the 
curve may be constructed thus. With 
AO = 1 describe a circle, and divide the 
circumference into any number of equal 
parts, and draw the lin/s AO, Ap, Aj/, &c. 
The distances laid off on these lines are to 
be in geometrical progression, since the arcs Op, Op', 0>p", &c^ in- 
crease by the constant difference Op. To find the ratio of this 
progression let ^ = 0, then u = AO = 1. Now make t = the 
arc Op, and find the corresponding value of u in the system of log- 
arithms used, which lay off to m, then 

— r- = the ratio. 
AO 

On Aj/, Ap", &c, lay off Am', Am", so that 

AO : Am : Am' : Am" : Am'" : d^ 

91, m', m"y &c., will be points of the curve. 



PART II. 

INTEGRAL CALCULUS. 



126. The object of the Integral Calculus is to explain how to 
pass from diflferentials to the functions from which they may be 
derived : Or in any particular case, to find an expression wktch^ 
if it be differentiated, will produce the given differential. 

This expression is called the integral of the differential. The 
symbol f when prefixed to a differential, denotes that its 
integral is required, thus 

fdu = u, 

and this integral {du being infinitely small) is plainly the same as 
the sum referred to in article (91). 



12Y. We have found, article (16), dAu = Adu ; there- 
fore 

fAdu =/dAtt = Am = A fdu. 

From which we see that a constant factor may be placed with- 
out the sign of integration, without affecting the value of the inte- 
gral; thus, 
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fh{a - *•)<?* = hf{a - x>)dx, jt^ = Iji^dx, 

c c 

Also in article (18), we have 

d{u + vdi &c) = du + dv ^ &c; 

henoe 

f{du + dvdz &c) =fd{u + vdt «fec.) = « + t> ± &c. 

that is, the integral of the sum or difference of any number of dif* 
ferentiah, w eqtuil to the sum or difference of their respective inte- 
grals. 

Also in article (14), we have 

d{u + C) = du, 

no matter what the value of the constant C may be ; hence an 
infinite number of expressions differing from each other in a con- 
stant term, when differentiated will produce the same differential. 
For this reason, to the integral immediately found we always add a 
constant \ thus, 

fdu = tt + C. 



INTEGRATION OF MONOMIAL DIFFERENTIALS, k,C* 

128. By article (22), we have 

and from this, 

m + 1 m + l' 
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hence 

fc^dx = f cd,?^ = i?:!! + c. 

J m + 1 OT + i ^ 

Therefore, to obtain the integral of a monomial diflferential : 
Multiply the variable vrith its primitive expmefit increased by 
unity, by the coMtant factor, if there is one, and divide the result by 
the new exponent. 



Examples, 

1. If rftt = xdxy fdu =/xdx = - 4- C. 



2 



2. If du^ ^, /rfu= L/^dr = ?1 4- C. 



3. If du^bx^dx, «=^=£^ + c 



4. If dtt=ll^, u= "^" 4-0. 

e f(n— w) 

- T^ » , arfa? , Sx'^^dx cVeir 

5. If tftt = -— + , 



« =/ '^ +-f^ -ft^ Art (127). 

ya; e 

The application of the above rule does not give the proper in- 
tegral irhen m = — 1, as in this case we have 
23 
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fx ^ ax = = - = » , 

"^ -1 + 1 ' 

whereas 

fx-'dx^f^ =zlx + C Jilt. (37). 

dx 
This result was to be expected, sincey — or 2c can not be ex- 
pressed in algebraic terms, Art (5). 

fM 3 €L dx 

If ^'w = r -» 

X 



a />dx a 1 . g^ 



or tt = log 0? + C, 



the logarithm being taken in the system whose modulus is ^. 





129. Many expressions, by the introduction of an auxiliary va- 
riable, may be transformed into monomials, and then integrated as 
in the preceding article. 

I. Let 





«Ju = (o + Jx")V*^'d*. 


Place 


+ J*- = z, 


then 
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Substituting in the given expression, and integrating, we have 
fdu =/--r— = rr-fz'^dx = 



bn hn hn m+ 1 

and replacing the value of z, we have, finally, 

(m + 1)7#5 ^ ' 

that is, to integrate a binomial differential when the exponent of 
the variable without the parenthesis is one less than that within : 
Multiply the binomial with its primitive exponent increased by uni^ 
ty, by the constant /actor, if there is one, then divide this result by 
the product of the new exponent, the coefficient and the exponent of 
the variable within the parenthesis. * 



Examples. 

1. If du = (a + b3?)^exdx, u = K^ + ^^* 4. c. 

2. If itt = (2 - Sjyhi/'dx, « = - 5(2 - 3a;«)*+ C. 

5 

8. If du = (a - bx^)-ix~^dx, u = «(« - fo^P^ c 

b 

4. Let du = a{b — cz" n)~"i z • ^ dz, 

n. Let 

, a3r~^dx 

du = . 

bdtzTT 
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Place 


6 ± «• = 2 ; - 


then 






± tur-'dx = dz ar-'dx = ± - , 

n 



and 

n« n n 

In the same way we may find the integrals of the following 
expressions. 

1. Let ^^^ m{h+2cx)dx 

•a + 6* + cj;* 

Place a + Ja? + cjt* = «, then {b + 2cx)dx = ds, 
tf = m/— = fli& =i m/(a + 6a? + «;■) + C. 

X 

2. If (f« = J^, tt = 1 2/(a - y) + C. 

8. If du = (2 + 2*M^, „ = /(2« + a*) + 0. 

2x -f- ar 

4. Let A. = ?£i^. 

Since in general 

/— = «/«, 

we see that in all cases where the numerator of an expression is 
the product of a constant and the differential of the denominator, 



A 







INTEGRAL CALCULUS. 


181 



its tntegraX will he the product of the constant and the Naperian 
logarithm of the denominator. 



130. K we have an expression of the form 

c?tt = (a 4- ft* + cjt* +, <kc.)"*«"(iir, 

in whicli »i is a positive whole number ; the integral may be 
found by raising the quantity within the parenthesis to the mth 
power, multiplying each term by ^dx, and then integrating it as 
m article (128). 

Examples, 

1. Let dtt = (tt + xy^^dx, or du = (a" + 2aj^ + x^ydx ; 

then 

tf =,f(aVdx +2as?dx ^x'dx) =z^ + ?^ ^ ft ^.0. 

4 6 8 

2. Let cfti = (ft - a^fx^dx. 
8. Let du = (ft - cx^yx'^dx. 

181. Every expression of the form 

du = Aar{a + hxydx, 

can be integrated, when either m or n is a positive whole numoer. 

If n be positive and entire, we may integrate as in the priding 
article. 
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If ffl bi) positive and entire, n being either fractional or negatire, 
place 



a + bs = z, then x= * 



* ' 



•^ = T 






trdx, 



which may b^ integrated as in the preceding article. The value 
of 2 being then replaced, the integnd will be expressed in terms 
of a?. 



Examples, 

1. Let du = h^{a - x)^dx. 

Place fl — a? = 2, then x == a -^ z, dx ^ ^ di^ 

3 5 7 

and finallj', by replacing the value of z^ 

3 5 7 



2xdx 






$ placed under the form 
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du = 2a:(l — Bxf^dx; whence « = — |/(1 — z)z'hz, 
and finallj, 

u= -i{l - 9x)i + ±{1 - 3z)i + C. 

3. Let dH=- -^. 4. Let rf« = -J^i, 
1 - X (3 — 2y)'' 

If d„ = (Aaf + Bx^+C^+<fec,) . 

(«* + by 

we majr place it under the form 

(ox + ft)- ^ (ax + by^ ^ 

and maj then integrate each fraction as above, iifn^p, q, &c,, are 
entire and positive. 



132. To complete each integral as determined by the preced* 
ing rales, we have added a constant quantity G. K in the par- 
ticular case under consideration, we happen to know what the in- 
tegral must be for a particular value of the variable, this constant 
can be determined. Thus, if 

fXdx = X' + C (1), 

X' representing the function of x obtained at once by the applica- 
tion of the rules for integration ; and we know the integral must 
reduce to N when a? = a, we have 

N = X',.. + C, C = N - X',... 

In general, however, this constant is entirely arbitrary, since 



ISi INTKORAL CALCULUS. 

whn*ovor value be assigned to it, it will disappear by differenti- 
ation, Art. (14). This arbitraiy nature of the constant enables us 
to cause the integral to fulfil any reasonable condition. Thus if in 
Cfjuation (1), it be required that the integral reduce to the par- 
ticular expression M, when x = a ; we may determine the value 
which must be assigned to C, by writing M for fXdx, and substi- 
tuting a for X in the function X', Calling the result of this substi- 
tution A, the equation reduces to 

M = A 4- C ; whence C « M — A, 

and 

fXdx = X' + M - A (2), 

which will fulfil the required condition. 

If M = 0, C = - A and fXdx = X' - A. 

The integral fXdx ^X\+ Q before any particular 
value has' been assigned to C, is called a complete, or indefinite 
integral. 

After a particular value has been assigned to C, as in equation 
(2), it is called a particular integral ; and if in this particular in- 
tegral, a particular value be given to x, the result is called a defi- 
nite integral. We should thus have, when a? =& Ji, 

fXdx = B + M - A (3), 

B representing X',.^ . 

That value of the variable which causes the integral to reduce 
to is called the origin of the integral ; and in every particular 
integral this origin may be determined by placing the integral 
equal to 0, and deducing the value of the variable from the result- 
ing equation. 

If in (1) we make x ^ a, and then x^ b, we hare 
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f{KdxU. - A + C, f{Xdx),^, = B + C, 

whence by subtraction, 

J {XdxU, -/(Xrfx),.. = B - A. 

This is the integral taken between the limits a and h, and is usu- 
ally written 



Pxdx = B — A, 



the limit con'esponding to the subtractive integral being placed 
below. 

Tf a, 6, c A:, ^ be several increasing values of «, and we 

have 

r Xdx = A', rXdx = B' r Xda: = K' ; 

then evidently 

r Xda: = A' + B' + C + K'. 

Example. 

f6x^dx — 2r^+C; 

18 a complete or indefinite integral. 

If it be required that this reduce to 4, when « = 1, we have 

4 = 2 + 0, C = 2, 

and 

fGx~(Jx = 2^5* + 2, the particular integral. 
2i 
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For the integral between the limits x = and x = 3^ 
/(6«»Ar),.. = 2, /(ex'dx),., = 56 ; 

hence 



f. 



ea^dx = 64, 



The origin of the particular integral is obtained by pladng 
2a;' + 2 = ; whence x* = — 1, a: = — 1. 



INTEGRATION OF THE DIFFERENTIALS OF 
CIRCULAR ARCS. 



133. I. In article (42), we have found 

du 



dx = 



in which u = sin a;, the radius of the circle being unity ; then 
x= I — " = sin^^tt + C. 

•/ Vi — «• 

Expressions of a similar form may be readily integrated by the 
aid of an auxiliary variable. 

1. Let dx = ^- (1). 

Mafc3 tt = ax, then du = adz, -y/a* — «' = a\/l — «*. 
Subitituting these values in (1), we have 
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dx 2= ^ ; X = 8in"*2 = sin"*- + C. 

Sdx 



2. Let cfy = 



'/2-a^ 



This may be integrated directly, by placing a? = V2a, as in 
the last example, or by a simple comparison with it, by placing 
V^fora. Thus 

y = 3 f ^ = 3sin-»_f + C. 
-' V2 - a^ V2 

2dr 



8. Let dtf = 



2& 



This should first be placed imder the form dy = 



V^V3 - a:« 
n. In article (42), we have also 

dx => -___-__. =s d cos*"*!* ; 

Vl - u* 



whence 






In the same way as in case I, if 

dx= -± * = coe-'«+a 

V o" - tt' a 



If dx = - -3t=., 
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du 






by placing 4 for a*. 



HL We have also 



whence 



dx = ^" ■ = dyer-rin-"**; 
V2tt— tt' 



= f—J^= = ver-Bin-'u + 0. 
^ V2tt — «■ 



1. If da? 



V2atf -7 ti" 
place tt = 02, then du = ads, and 



X " 


/ «** 




J 




— re 


Mil 


»-% 




^ V2af« — 


«« 


'v^27 


_z« 








= 


a 


+ 0. 






2. If 
















d« — 


ddtt 






C s= 


8 ver-ein- 


2 


+ c. 




V^u — V* 




IV. We have also 
















<^«- 




du 


-=d 


tanar'M: 
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vhenoe 



= f ^" = tang-»tt + C. 



1. If rfx = . ^" 



a« ^ tt« ' 
mak^ tt = ax, then du = ocfz, and 

«=/*-^=l/'-^=itaBr't=itanr'«+0. 
J a* + u* aJl + TT a a a 

2. If dx=.J^. x = ^tang-^_!L+ 0. 

3 Let cfy: ^^^ 



2+q;c« 



If we multiply and divide the fraction by a*, we have 

^ "^ a' + tt* •' 



, 1 a*dtt 
or = 



a» a' + «» ' 
whence 

X = 1. Z*-,^. = ljtang-« + C ^rt (42), 

the radius being a ; and in a similar way, all the above expressions 
may be transformed. 



INTEGRATION OP RATIONAL FRA<*TIONS. 

134. Eveiy rational fraction which is the differential of a 



100 INTEGRAL CALCULUS. 

function of scy v^Ul appear as a particular case of the general 
form, 

(Ax" + Ba""' + Caf^ + &c)dx 
A'x" + B'x"-» -f C'x'^ + &c 

in which m and n are whole numbers and positive. 

If 971 be greater than n, the numerator maj be divided by the 
denominator, and the division continued until the greatest expo- 
nent of X in the remainder is one less than in the denominator ; thA 
quotient will then consist of an entire and rational part, plus the 
remainder divided by the denominator, and may be written 

Ax^ +B:tr-' + &c.)dx ^ xrfr 4. (A"x-' + B^^x^' + &c.)dx 
A'x- + B'x-' + &c. A'x* 4- B'x^^ + &c ' 

and the integral of the primitive fraction will be the sum of the 
integrals of the two parts. 

It will be necessary then to explain only the manner of integra- 
ting the second part, or those rational fractions in which the 
greatest exponent of the vaiiable in the numerator is at least one 
less than in the denominator. 

Hrst, suppose the denominator to be divided into its simple fac- 
tors of the first degree, and let them be represented by 

X — a, X — ft, X — c, &c. 

There wiU be four diflferent cases, each of which will require a 
Mparate discussion. 

1. When the factors are real and unequal : 

2. When they are real and equal : 

3. When they are imaginary and no two alike : 

4. When theji arc imaginary and alike, two and two. 
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135. L As an example of the first case, let lis take the 
fraction 

{ax + c)dx 

The t^o &ctor8 of the denominator are x + h^ and x— h\ 
then 

{ax + c)dx __ (ox + c)dx 
"'l^^y' "" {x-^b){x-h)' 

Place a x + c _ A A^ /.x 

A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

ax+c^Ax — Ah + Mx-^- Mb. 

Bj placing the coefficients of the like powers of x, in the two 
members, equal to each other, we have 

a = A + A' c = A' J — Aft 

. ah — c ., ah + c 

2b 2b 



Substituting these values in (1), multiplying hj dx, and prefix* 
ing the sign/, we have 

Hax 4- c) dx _ ah — c r dx ah -{- c r dx 

J x'-^fi 2b J ilTft "^ 2h J i^^TJ 

^'^I{x + h) + ^l{x^h) + G. 
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The method pursued above indicates the following rule for all 
Bimilar expressions. 

Place the primitive fraction (omitting the differential of the va- 
riable)^ equal to the sum of cls many partial fractions a« there are 
factors of the first degree in its denominator ; the numerators of 
tJtese fractions being constants to he determined^ and the denominators 
the several factors oftJie original denominator ; clear the resulting 
equation of denominators^ equate the coefficients of the like powers 
of the variable in the tioo members^ and thence determine the con 
slants ; then multiply each partial fraction by the differential of the 
variable^ and take the sum of their integrals as in case II., article 
(129). 

2. Integrate the expression 

or -^ X • 

The factors of the denominator are, a? + 1, ar — 1, and «; 
Uien 

3a^ - 1 ^ A A^ ^ 

ai* — X a?+l «— 1 X 

Clearing of denominators, 

8a^-l =Aa:«— Ajc + AV + A'j; + A'V - A"; 

whence 

3 = A + A' + A", = - A + A', 1 1= A", 
and 

A=1 = A'=A". 
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llien 

= 1(x + 1) + l{x - 1) + 2a? = /(x^ - «) + C, 

as may be seen at once, since the numerator of the given diffei^n* 
tial is the exact differential of the denominator. 

d. Integrate the expression 

(1 -y)rfy 



Placing the denominator equal to 0, ve have 
y« — 2y — 2 = ; 
whence y = 1 =fc VT, and the corresponding factois are 
y — (1 + V^), y — (1 — V^\ or y — m and y -- n. 
Finally, 

/(I — y)dy m— 1„ , n — 1,, v.^ 

A 4. Integrate 

(2x + Z)dx 



5. Integrate 



a;3_^^._2a? 



>— 4 



25 
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136 II. In the second case it may be remarked, that if all the 
&ctors of the denominator are equal, the fraction will take the 
form 

(Ajt"-» + BoT^ + <fec.,) 

which may be integrated as in article (131). 

We need tlien only consider the case where a portion of the 
factors are equal. The rule of the preceding article is not applica- 
ble here, as will be seen by taking the expression 

adx 



(X - br{x - cf 

in which two of the factors are equal to a: — 6. 

By an application of the rule referred to, we should have 

a A A^ A" 



(x — hf(x — c) X —b X — b jt — c 
A ^ A' . A" B . A" 



+ = i-f 



X — b X — c X — b X — c 

since A + A' must be regarded as a single constant. 

If this equation be cleared of denominators, and the coefficients 
of the like powers of x in the two members placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown quantities, B and A". 

We obviate this difficulty by writing, for the equal factors, the 

two fractions — - r, and thus have 

{x — by X — b 

a B . B^ , A 



(x-'b)\x^c) {x-bf • x-^b ' x-c 
which, being cleared of denominators, gives 
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a = B(a? - c) + B'{x-'b){x - c) + A(x - 6)»; 

whence 

B' + A = 0, B — B'c - B'b — 2A6 = 0, B'bc — Bc+ A6» = a, 

three equations with three unknown quantities, which can then be 
determined. 

And in general if there be n equal factors, we should write n 
partial fractions of the form 

B B' B<---*>' 

{z — by "^ {x - by-' ir^' 

the numerators of which are constants, and the denominators the 
different powers of the equal factor from the nth down to the first 
power. After B, B', &c. are determined, each partial fraction, be- 
ing first multiplied by the differential of the variable, will be inte- 
grated as in article (129). 

Examples. 
1. Integrate , {2 + x)dx 



Place 



2 + x B , B' , A 



{x — l)*(x — 2) [x — iy X" I a? — 2 

Clearing of denominators, and equating the coeflScients of the 
like powers of x, we have 

= B' + A, 1 = B - 3B' - 2A, 2 = - 2B -|- 2B' + A, 

B = - 3, B' = - 4, A = 4 ; 

and finally 
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f (2 4-^)<£j? ^ _3_ _ 4W^ _ 1) + 4/ /^ _ 2) +C. 



/^ 2. Integrate -,j ^ 



II' there are dififerent sets of equal factors, partial fractions must 
be A^Titten for each set ; thus, 

2 ^ A A^ B B^ 

(x — l)^(x + 1)» (a; — 1)« ■*■ a; — 1 + (x+ 1)' "*" x + 1* 



137. III. We know from the general theory of equations, that 
imaginary roots are found only in pairs, and that for each pair 
we must have a factor of the second degree, of such a value, that 
when placed equal to 0, it will give the imaginary roots. £ach 
pair of roots will always appear as a particular case of the general 
form 

x = a=fc^/=T« ...(1), 

and the corresponding factor of the second degree will be 

a:* - 2(m: + a" + ^ = [ar— (a + V^^)] [ar-(a- V^^% 

By a comparison of the imaginary factors, in any given case, 
with these general values, we determine the coiresponding values 
of a and b. Thus, if the factor of the second degree be 

a» — 2a? + 6, 

we place it equal to 0, and find the two roots 

a? = 1 d= v'-4; 
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whence, by comparison, a = 1, ft* = 4, 5 = 2. 

Now, in the third case, for each pair of imaginary factors, let a 
partial fraction be written, of the form 

Mx + N Ma; + N 



««-2ar + a«+5» (a: - a)' + ft» • 

By clearing of denominators, drc, as in the preceding articles, 
M and N may be determined. We shall have then to integrate 
the expression 

(Ma; -f lif)dx 
{x'-aY + b'' 

For this purpose, make a; — a = «, then a? = z + a, 
dx = dz. 

Substituting these, the original expression becomes 
(Mz+Ma-f N)^^ . 

or by making Ma + N = P, and dividing the expression into 
two parts, 

llzdz Tdz 

2« 4- i» + «« + 6* • 

ITjc first part may be integrated as in case 11., Art. (129). 
ITiUs, 

f-^fv = T^^'' + ^') =M/|/*M^=MZV(x-a)^+J*. 
The integral of the second part is 



J 
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or by substituting the values of P and z, 

and finally 

r{Mx + S)dx ^^ 

+ N_+Miu„r-(iZlf) + C (2), 

Take the particular example 

(x ^ l)dx 
n^ -\- a:* + 2x * 

The factors of the denominator are x and a:* + rr + 2, the last 
being the product of the two factors corresponding to the imagi- 
nary roota 



=-i*v^. 



which compared with (1), give a = — i, 6" = J, ft = i'/T. 
Place 



a? - 1 _ A Mar + N 



a:'4-a;*+2ar x ar'-farH 
Clearing of denominators «!bc., we find 
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2 2 2 
Substituting these values of M, N, a and b, in formula (2), ob- 
serving that / =/ = Ix. and redu- 

dng, we have 



/; 



*' + «• + 2x 2^2 

2v^ \iV7/ 



138. IV. In the fourth case, where there are several imaginar 
ry factors, alike two and two ; those of each pair multiplied to- 
gether will give the same factor of the second degree, and if 
there be p such pairs, the denominator will contain a factor of the 
form 

(x* - 2aaj -h a» -h b^. 

For this, we write p partial fractions ; thus 

[(x - ay + b^^ ^ [(x-a)« + 6T-* {X - ay + b' ' 

Clearing of denominators <fec. the values of M, N, M', N', Ac 
may bo determined as before, and since the several partial frac^ 
tions, after multiplying by cZof, are all of the same form, we have 
only to explain the mode of integrating any one of them except 
the last, which is to be integrated as in the pieceding article. 
Take the first 

(Ux + y)dx 
[{x-ay + b'Y' 
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and make x ^ a = z\ the fraction then becomes 

(Mz + Mfl 4- N)dr 
J^ + by ' 

or placing Ma + N = P, 

Mrrfr Tdz 



h^\p "^ 



The first part is integrated as in easel., Art (129). Thus 

J i^ + b^y^ {-p+ 1)2 ~ 2(1 - 1>) (2* + 6*r* ■ 

By means of a formula hereafter to be determined, [Formula 
D, Art (161)], we shall find 



then 



j-(?+3y- = 2(l-i,)(z-+6»)-»+/W+y*^« T+^' 

after which, substituting the value of z, we shall obtain the com- 
plete integral of the primitive expression. 



139. By a review of the preceding discussion, it will be seen 
that all differentials which are rational fractions can be integra- 
ted ; provided the factors of the denominator can be discovered ; 
and that the integrals will depend upon one or more of the four 
forms. 

r dx /• , f xdx f dx 

J x-h a J ' J (a:«+aV J (k» + a' 
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INTEGRATION BY PARTS. 

140. In article (19), we have found 

duv = udv + vdu\ whence uv =/udv +fvdit^ 

and 

fudv = uv —fvdu (1) ; 

from which we see, that the integral of udv can be obtained, 
whenever we are able to integrate vdu. This method of integra- 
ting udv is called, Integration by parts. 

Examples. 

1. Integrate the expression a^dxVa — a:*. 
This may be divided into the two factors, 



aj* and xdxVa — a:". 
Place a^=u and xdzVa — a* = dv ; 



then 



du = 2xdx, V =:fxdxV~a^^ = — -^ 

3 



Substituting these in formula (1), we have 
26 
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And finally 



3 15 



2. Integrate i -j^ — . 



Place (1— ««)* = tt and ^=^; 

liien 

J 9? X 



3. Integrate (fayV^l — «*. 

Place -/!—«* = «, and <2a; = <f9; 

we then have by formula (1), 

^ ^ /• ar'da? 

/i« Vl-«« = X Vl-a:*+J ^^— ^ . (2). 

^1 "^ 
If we multiply dx \/l — «* by --■ we 

V 1 — «* 

may write 

J V\-^ J vi - «• 

Adding equations (2) and (3), we have 
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2Sdx Vl-«« = xVl-^ + / VT^ 



VY^ 



/d*t/n^^= I iA"^^ + -^+c. 



4. Integrate ^^ 






INTEGRATION OF CERTAIN IRRATIONAL DIFFERENTIALS. 

141. In the preceding articles, rules have been given, by which 
every rational differential may be integrated, except the case re- 
ferred to in article (139). It may then be taken for granted, that, 
in general, every irrational differential which can be made rational 
in terms of a new variable, can also be integrated. Let 



h 
ax^dx 



bx* + cxT 



be a differential, the irrational parts of which are monomials. 
Make 



h 



« = «*^; then «* = «**^, 



aF=«-»», a:' = 2;*"'', dx — knqi^^^ d%. 

These yalues substituted in the given expression, evidently make 
it rational in terms of z and dz. It may then be integrated, after 
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which the value of s in terms of x most be substituted. We may 
then enunciate the following rule for.the integration of expressions 
of this kind. For the variable^ substitute a new anej with an expo- 
nent equal to the least common multiple of the indices of the radicals ; 
then integrate by the known ruUsy and substitute in the result tlie 
value of the new variable in terms of the primitive. 

Examples, 

1. Let rfu^i^Lniix (1). 

The least common multiple of the denominators or indices being 
6, we place 

« = 25*, then dap = 6ifdz^ % = «•. 

Substituting in (1), we have 

bz 6 6 

and integrating, 

12 . 18 , 3 4 2 I . ^ 

40 45 10 6 • 



2.Letdtt = -l^. 3.Let d« = . ^^ 



2x 



i^^l b^cVi 



p 



142. Kthe irrational parts are all of the form (a + ftx)* 
the expression may be made rational in terms of ar, by placing 
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r being the least common multiple of the indices of the radicab. 
We shall thus have 

which substituted in the primitive expression, with the value of 
a + bx, will evidently give a rational result. Take the examples ; 

1. du= ^ 



(1 + x)i + (1 + «)* 

Phice 1 + a? = z"; then dx = 2zdx, r = (1 + x)^. 

These values substituted in (1), give 

, 2zdz 2dz 
du = • = ; 

x» + « 1 + «* 

whence 

tt = 2 /*-A-. = 2 tang-** = 2 tang-» (1 + «)* + C. 

2. Integrate the expression 

J xdx 

du =z 



(1 _ «)i + (1 _ ,)4 



143. Differentials of the form 
Xdx I 



X being a rational function of x, may be made rational by 
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placiDg =r t*, deducinir the values of x and dx. and 

a' + b'x 

enbstitutbg them. 
For example, let 

du=xdx(l±Ji^ .(1). 

Place i±^=z*, then x=.^, dx ^ -^. 
These values i]i(l), give 

(«* + i)' ; 

which is rational. 



144. Every radical of the form Va + fix ± c** can be 
written thus, 



V c c 



*=*=^= VcVa + /3a?=t«', 



after making ~ = a, and — = jS. 
c c 



To render rational a differential, the only irrational part of 
which is a radical of the above form, it will then only be necessa- 
ry to find rational values for «, dx, and Vtt + /i?x d: jc*, in terms 
of a new variable and its differential. 



L Take the case in which the sigu of x^ is +» and place 
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Va + /3af + «* = « - X (1). 

Squaring both members, we bave 

a + )3j; = «' — 2a;« ; 
whence 






By differentiating this value of x, we obtain 

''"- (/3 + 2*)' " ^'^' 



and by substitutiDg tlie value of « in the second member of (1), 



These values of x, da?, and yotT+Px+l?, substituted in the 
primitive differential, will eridentlj giVe a rational expression in 
X and dz. After integrating this, the value of x, taken from (1), 
must be substituted. 



Examples. 

dx dx 



1. Let du = 



Va + hx + cd^ ^fc^/tf, + px + s^ 



Substituting for dx and V a. -f /3jr + ar* their ralues as foimd 
above, and reducing, we have 
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dx 2dz 



dtl=:- 



whence 



^ , dx dx 

2. Let du = ■ 



Vu/ 



By comparison with the similar expression in the preceding 
example, we see that 



c = y/7y = ft ? = *• 



Bnhstituting these values in (5), we deduce 



1 2 
and, finally, after uniting the constant ~Z— , with the arbitrary 

c c 



constant, 



= /v^=^'<^^^^^+ ">+''• 
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8. Let du^ dxV^^ ^ 

Comparing this with formulas (2), (3), and (4), we see that 

2" 



0=0, 2=/^/, « = 



2 4- 2« 



(2 + 2z)» ' V2a:+«' 2 + 2« ' 



whence 





^,, __ (r + 2)«d. 
i'(2 + 1) 


4. Let 

5. Let 


du=i dx Vm* + x*. 

, dx 
du — ^ 



cVar* — ( 



146. n. If the sign of ar* be minus, it will be necessary to 
pursue a different method, and deduce other formulas ; for if we 
write 

Va + jS* — «* = 2 — x, 

the second powers of x in the squares of the two members will 
have contrary signs, and not cancel ead^ other, {is in the first 
case, and therefore the deduced value of x in terms of z will not 
be rational. 

Denoting the roots of the equation a:" — jSj? — a = 0, by J and 
6'y we have 

«• — /3a: — a = (aj -^ ^ (a? — h% 
27 
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or, changing the signs, 
Now, if we make 

V(*-i)(i'-*) = (« _ i)*. (1), 

square both members, and strike out the oonunon factor dP — ^ 
we have 

*-i=^L±if _J=JlZli (2). 

Bubetituting this value in equation (1), we obtain 

VT+lsn^ = V(*-i)(3'-«) = ^Y^-J^- 
By differentiating equation (2), we find 



These values of ar, -y/a + /8x — ir* and d«, substituted in the 
primitive expression, will make it rational. 



1. Let du.^ 



Examples. 

dx 



Va 4- j8« — a:* 
By substituting the values of dx and -/a ^ ^x ^ a^, we obtain 



u = 
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jt 2rfz 

and since from equation (1), 

we have finally 

«= /•-=^=_==«2tang-'x/EEf + C. 
If in this we make j3 = a = 1, the expression reduces to 
« = /*-=^== = C - 2tang-V^""^> 

since by placing «* — 1 = 0, we find 

aj=dbl or 5=-l 6' = 1. 

If we now introduce the condition that the integral shall be 0, 
when a? = 0, we have 

= C- 2tang-^l = C--, C = *, 

» 2' 2' 

and 

•/ -v/l -«• 2 •* V 1 +a. 

The direct integral of the first member is ojr'x, Art (138) ; 
hence 
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sin-'a? =r - -. 2 tang-* y ~" 
2. Let du = ^^V2«f--^. 



Placing 2«w; — ir* = 0, we deduce a? = 0, and x= 2a; hence 
^ = and J' = 2a. Substituting these in the formulas Scc^ we 
have 



<fa;V2fl3; — g* _ 2z*(f« 

a simple rational fraction. 

3. Let du= ^ .. 

V4a? — Of* 

4. Let dtt^^V^Z?. 



INTEGRATION OF BINOMIAL DIFFERENTIALS. 

146. 1. If we have a differential of the form 

9^ (r being supposed less than n), may be taken out of the paren- 
thesis, and for the primitive expression we may write 

in which but one of the terms, in the parenthesis, contains the va- 
riable ar, and the exponent of this variable will be positive. 
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2. If after this, the exponent of x should be fractional, either 
within or without the parenthesis, or both, we can substitute for x 
another variable, with an exponent equal to the least common 
multiple of the denominators of the given exponents, and thus get 
rid of the fractions, as in the example 

xidx{a +bx^y'\ 

by making a; = i^, we obtain 

x^dx{a + bx^y= 6z'dz{a + h^f, 

in which the exponents of % are whole numbers. Hence every hi- 
nomial differential can he placed under the form 



m which m and n are whole numbers and n positive. 



14*7. 1. The binomial differential being placed under the pro- 
posed form ; if -^ is entire and positive, it may be integrated as 

in article (130) ; if £ is entire and negative, we have 



(a + bsry 



which is a rational fraction. 



2. If ^ is a fraction, either positive or negative, place 
9 



/, ■:, 
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a + ftaf = «♦ ; 
then 



(a + l^^l = «' (1), uT = ?1^, 



The values (1) and (2), substituted in the primitive expressioD 
pve 



(3). 



no \ ^ / 



which is rational in terms of x and (is, when —Ma loAoiV tmrn^. 

n 



Let 

in which 

m - 1 = 3, n = 2, — = 2, _p = 8, j' = 2, 5 = — fc 
These values in equation (3), give 

J* 
in which 
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2» = a - &c*. 



3, If ~ is not a whole number, we may write 
n 



it 



and in accordance with the preceding principle this wiU be ra- 
tional if 

?L =— I— 4.^1 is a whole nundfer. 

- n \n ^ q J 

To obtain the proper rational expression in terms of z, we need 
only make in equation (3), 

np , _ 

iii = in-{ y n = — II, a = o, 6 = a. 

II1U8 

^•^-^i^«ir-+J)r = -^«H^'d/?lzl^yM-^ (4). 

Example. 

Let 

rfu = xdx{a + bafy^ 
in wl» it'll 
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m— 1 = 1, n=3, p = 1, g=3, — 4.^=:1. 

n jT 

These values in equation (4) give 



= - ^(^7 



in which «* = (uT^ + b. 

From -what precedes, we see that every binomial differential of 
the proposed form can be integrated : if the exponent of the parer^ 
thesis is a whole number ; if the exponent of the variable without 
the parenthesis plus unity, divided by the exponent of the variable 
within, is. a whole number ; or if this quotient, plus the exponent 
of the parenthesis, is a wJiok number. 



148. Let us now write p for ^, and then divide the expression 

9 

sr-^dx{a + b^f'Y = iir^ar^dx{a + hff, 
into the two &ctors 

ar-" = tt and 7r''dx{a + ftaf)' = dv\ 

whence 

rf« = (m - n)^'^'dx, V = (^ + ^^)'^ .Art. (129). 

{p + l)nb 

Substituting these values in the formula' 

fudv = uv —fvdu .Art (140), 
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and making (a + ftjr") = X, we have 

•^ {p+l)nb {p+l)ny ^' 

But since 

X'^* = X'X = X'(a + bar) = aX" + hsTX", 
fx'^'^'dxX^' = afsr^^dxX^ + hfar-'dxX". 

Substituting this value in (1), and clearing of denominators, 
{p + \)nbfar-'dxX^ = ar-^X*^* 

- (w - n) [a/aj^-^'rfa^X" + ft/a^^da?X'] ; 

trans\K>sing, &c^ we obtain 

fx-^dxX^ = ^X^'-^(^-«)/^— '^X^ ^^ 

h(jpn 4- w) 

By. a single application of this formula we cause 

fsT-^dxX^ to depend upon fsT^HxX^, 

m which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an appli- 
cation of the same formula to / x^'^'^^^dxX^ it may be made to 
depend upon faf^^^^dxX^, and finally, by repeated applica- 
tions, f af^^dxX^ will depend upon the expression 

a{m -— m)ya?"*"**~*darX'*, 

m which r represents the number of times m will contain n. If m 
is an exact multiple of n, then m — m = 0, the term containing 
28 
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the expression to be integf-ated disftp[>ears, and tlu* integration is 
complete. 

If jpn + m = 0, the second member of the formula becomes 
infinite, and it £uls to answer the purpose; but in this case 

p -{ = 0, which, substituted in equation (4) of article (147), 

ft 

gives an expression which may at once be integrated. 



149. We may also write 

If now in formula il we change m into m + n^ and p into 
jp — 1, we have 

b{pn + m) 

Substituting this value in the preceding equation, and reducing, 
we obtain 

/*-'rfzX' = ^x>+p>^/^'«fax^- ' a 8 

pn + m 

by which the primitive expression is made to depend upon ano- 
ther, in which the exponent of the parenthesis is one less than 
before. By repeated applications, this ex))onent may be reduced 
to a fraction less than unity, either positive or negative. 

160. The use of the preceding formulas may be iJlustrated by 
the example 



fx'dxia + hx")^. 
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Place a + J*" = X, m = 3, n = 2, i> = |» 
then from formula ii^ 

Qb 

Applying formula SB to the expression /dxX* after making 
m = 1, n = 2, p = I, we have 

and by another application 

Substituting these values, we have finally 
r^A yI — — — ^^ _ g'gX^ ^ r & 



The expression — = — may be integrated as in 

Art (144). 



151. If in the primitive expressions, m and jo are negative, the 
effect' of the application of formulas ii and IB9 would evidently 
be to increase them numerically. Other formulas are then r^ 
quired. 

1. From i^ by transposition and reduction, we find 
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far—'dxX' = x'^X^' - b{m + n p )/r-'dxX '' 

a{m — n) 

If in this we change m into — m + n, we have 

am " 

by the application of which, — m will be numerically diminished 
by the number of units in n. 

2. From S, by transposition and reduction, we find 

r^idxX^' = ''^^' + {^ + np)f^'dxX^ 
•^ /ma 

If in this we change p into — /) + 1, we obtain 
/^.d.X- = ^^■^^-i-^+^-_np)/'-^d'^-^ ^ J 

in which, the exponent of X is numerically one less than in the 
primitive expression. 

If |> — 1=0, the second member becomes infinite, but in 
this case i> = 1, and the primitive expression reduces to a ra- 
tional fraction. 

162. Let us illustrate the use of these formulas by the example 

Making in (B, «» = 1, fl = 2, 5 = — 1, n = 2, ;> = — |, 
we have 

/^dx{2- 0^-* = _ £^ +/(fcrX-* (1). 
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By formula ID| after making m = 1, n = 2, a = 2, 6 =» '*- 1, 
p =r |, we have 



/rfxX-i = ?■* 



2 

Making the proper substitutions in (1), we obtain finally 

ia which X = 2 — aj". 

153. By the aid of formula ID we are now able to integrate the 
expression 

^"^ - = dz{7* + b')'^ Art (138). 



(^ + i=> 



By making m = 1, « = «, a = 6*, 6 = 1, n := 2, we 

/J 
-- — -— to depend upon the integration of ano- 
ther expression in which the exponent is one less, and by repeated 
applications, we shall find that the integral will depend upon the 
expression 



__=_tang'_ + C. 



154. For the expression 

V2cir — 3^ 



/afdx 
1 



t 
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we may write 

fsi»dx{2cx - ^r*)"* ^fx'~^dx{2c - «)"* 
to which applying formula H, after making 

w = ^ + i a = 2c, 6 = - 1, p = - i, n = 1, 

and recollecting that a;*"* = «•"' «', and «*"* = a^^ «"', wa 
obtain 



+ (gg-i)^ r ^-'^^_ a^ 

(f ^ V2cx — «« 

By repeated applications of this formula, when ^ is a whole 
number, we make the primitive expression depend upon 

/ ^ = ver-sin-*— + C Art. (188). 
-v/2cx-x« « ^ ^ 



INTEGRATION BT SERIES. 

155. If it be required to integrate the expression Xdx, X being 
any function of a: ; it is often convenient and useful to develoj^e 
X into a series by any of the known methods, generally by the 
binomial formula ; and then, after multiplying by dx, io integrate 
each term separately. This is called integrating by series ; since 
we thus obtain a series equal to the integral of the given expres- 
sion, from which, when the series is converging, we can for par- 
ticular values of the variable deduce the approximate value of the 
integral. 
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1. Let US take the example 

du = ^ ==dx(\+ «)-». 
1 H-a: V ^ ^ 

By the binomial fonnula, we have 

(1 + x)-' = l-« + «»-aj" + Ac 
Multiplying by dx^ and prefixing the signyj 



whence 



or smce 



^ ' 2 3 4 



But when x = the first member becomes Z (1) = ; hence 
C = Oand 

^(l+^) = ^-~+j-^ + &c.....Art (38). 



2. Let du = a:*(l - a:«)*(fe. 

By the binomial formula we have 



I 

J 
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(1 - ;r»)* = 1 ^ fl ^ ?1 « ^ - Ac 
^ ' 2 8 16 

Multiplying each term by x^dx^ Ac. 

fx\l - 7?)^dx ^f{x^dx ^ ^ - ^ - Ac, 

whence 

II 

/**(! - u*)^dx = ia;* _ iU* -. fL - fto + C. 

•^ ^ ^ 3 7 44 

3. Let du s= <fdx. 

In article (36), we have found 

a' = 1 H -^ 4- Ac. ; 

1 1.2 ^ 1.2.3 ^ ' 



/a'ix = X + ^ + ^ + ^ + &c + C, 

in which k=i la. If a = e, then A; r= /c = 1, and 

/e'ir = « + ^ + ^4.f!. + Ac + C. 

"^ ^2624^ 



4. Let dtt ^* ^^ 



Vx^2^ Vx Vl —X 

Make Va; = « ; then dx = 2 y/xdu^ and 
ix __ 2(fii 
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wluch may be readily integrated, and we shall obtain 

5. Let du = dx V2ax — a:*; 

6. Let rf«=?f^2^IEZ^. 

Developing Vi-e'V = (1 — e'V)"^, we have 

hence 

After the multiplication, each term of the second member will 
be of the form A / — - , which by formula iia 

may be made to depend upon 

f —^ = sin-»x + C. 



7. Let rfu = _,^ ^ ^^ 



V(2ca: - x'){h - a:) V2<^^ - sf V^^H? 

If we develope _____ = (i — «)"*, and mulliply 

V6 — a? 
20 



J 
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by — — , each term will be of the form 



which may be reduced and integrated as in the preceding ardda. 

156. By the application of the formula for integration by parts, 
Art (140)) to the expression Xe/x, we obtain 

/Xrfx = Xa: -/xrfX (1), 

and then to 2y/X, drc. 

•^ J dx 2 dx J 2 dx ^^' 

rj^ rf»x ^ rd^x x'dx_ x" d'x_ fa? d'x 

J 2 dx '^J dx" 2 " 2.3 rfx* J 2.3 dx" ' 

<fec. 

Substituting in succession the values above deduced, equation (1) 
will become 

rvj A'- ^X j^ . d^X ar . 

•^ dx 1.2 ^ dx* 1.2.3 ' 

a series, expressing the integral of Xdx in terms of X, and iti 
differentia] coefficients ; which has received the name of its distin- 
guished discoverer, John Bernouilli. 

16Y. If in the integral 

fXdx=J[x) = u, 
we make x => x + hy we have 
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•ad by Taylor's fonnula, 

dx dx'1.2 ^ ' 

Put since 

fXdx = tt, Xda? = dM, —- = X, 

ax 

^_dX ^^^ &c 

dx« "" (ir' da^ da:*' 

These values substituted in (1) give 

^ dx 1.2 dx" 1.2.3 ^ 



If in this series we make x = o, h = b — 


a, and denote 


by A, A', A", Ac, what X, ^, 

dx 


I?.*- w 



come under this supposition, it is plain that what u becomes will 
represent the value of the integral when x = a; what «' be- 
comes, its value when a: = a + ft — a = ft; then what «' — « 
becomes, will be the value of the integral between the limits 
4? = a, and a? = 6 ; whence 

J^Xdx = A(6 - «) + ^{b - ay + j^(J - af + &c, 

a series from which the approximate value of a definite integral 
may be obtained. J£ h — a is so large, that the series does not 
converge, or does not converge rapidly enough, then let it be divi* 
ded into n equal parts, so that 
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b — a = no, 



and take the value, first between the limits a and a + a^ then be- 
tw^ a + a and a + 2e^ &c, and suppose the results to be 



Ba + B'JL- + B"_r_ 
1.2 1.2.3 



+ &c^ 



(2), 



1.2 1.2.3 ^ ^ 

Da + D'— + D"-^ + Ac, 
1.2 ^ 1.2.3 ^ ^ 



<kc. ; 
then by article (132) we have 

f'xdx == (B + C + D +<fec.)a + (B' + C + Ac.) — + 

•/ a 1.2 

&c (3), 

and as a is arbitrary, the separate series (2) [and of course the final 
series (3)] may be made to converge as rapidly as we please. 



INTEGRATION OF DIFFERENTIALS CONTAINING TRANS- 
CENDENTAL QUANTITIES. 

158. But few of these differentials admit of exact integrals. 
We can, however, by the aid of formulas previously deduced, ob- 
tain, by series, their approximate integrals. 

By the examination of a few expressions, we will endeavour, as 
far as possible, to indicate to the pupil the general method to be 
pursued, and then leave to his ingenuity and industry, its applica- 
tion to the different cases with which he may meet 
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159. Take first the expression 

Xo'rfa?, 

in which X is an algebraic function of x, K wo divide it into the 
two flEU^tors X and a'dx, and recollect that 

arhdx = dcf .Art (36), 

whence 

<fdx = —— , and fffdx = —. ; 

la ^ la 

we shall have from the formula for integration by parts 
/X«'rf. = ^-/giX (1). 

If now we take the successive differentials of X, and place 
rfX = X'dx, dX' = X'^dz, dX" = X'"(lr, Ac, 
we obtain 

/ a'dX _ XV __ r ar ^, 
la - {lay J {lay ' 

ra-dX' _ X"a' _ /•_?ljx" 
J {lay ~ {lay J {lay ' 

These values in equation (1) give 

fX^d. = «' (^^ - ^ ^^ j =F J ^^, (2). 

If the function X is of such a nature that one of its differential 
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coefficienf b X\ X'\ &c. is constant, the differential of this will be 
0, and the corresponding term 









The integral will then be exact 
The expression afa'dxy 

admits of an exact integral when n is entire and positive. 

If n be fractional or negative, we write for a* its development! 
Art. (36), and then integrate as in Art. (165). 

160. Take now the expression 

X{lxYdx. 
U we divide it into the two factors 

Xdx = dv^ and (&)" = u ; 

whence 

fXdx = r = X', rftt = n(lxY-'^ 

X 

and then substitute in tlie formula of Art. (140), we have 
fX{lxYdx = X'ilxY - nfX'ilx)'^'^ (1). 

X 

By this the integral of the primitive expression is made to de- 
pend upon tlie integral of another similar one, in which the expo- 
nent of {Ix) is one less than at first 
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K then n be entire and positive, after repeated applications of 
the formula, the exponent of {Ix) will become 0, and the expres- 
sion upon which the integral depends, algebraic. 

For a particular case, let 

X = aj*, then faTdx = J^ = X', 



and this in (1) will give 



/^{hydx = -^(&)" - -4-/*-(ter'<fe (2). 

If in this we substitute for n, in succession 

n — 1, » — 2, n — 3, Ao, 

we have 

jw + 1 m -f- 1 



.d^c. 



These values in (2) will give a general formula, in which, if « 
be positive and entire, the last term will be 

(m + 1)" -^ ^ ^ (w + l)'-"* 



We shall therefore have 



J 
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The sign of the last term will be plug when n is even, and mi- 
nus when n is odd. 

If m = 1 and n = 1, we have 

If m = and n = 1, we have 

flxdx = x{lx — 1) + C. 

If m = — 1, the second member of (3) becomes infinite. 
In this case the differential becomes 

Making Ix =: x, we have — = dz, and 

« n + 1 n + 1 

which is true for all values of «, except when n = — 1. In this 
case the expression becomes 

dx 
xlx ' 

dx 

Making Ix^z^ we have _ = dz. and 

X 
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161. Take now the expression 

Xdx sin""*a?. 
Place Xdx = dv, and sin"** = ti, then 

/X(fa; = v = X' and du =z . 

Substituting in the formula of Art. (140), we have 



/Xdx siiT^x = X' sin""^* — / . 



Tdx 



(1 - ^)i 

Thus the integral of the primitive expression is made to depend 

«pon the integral of the algebraic expression 

(1-^)* 

Let X = aj», 

then 

fXdx ^/ardx = ■ ^' = X', . 

and we have 

/*-dr8in-'« = J^ 8in->x - _i_ f '^^^ . 
« + l »+l^(i_^i 

By the application of formula ii or (9) when n is entire, the 
last term may be reduced, and then integrated; except when 
n = — 1, in which case the expression becomes 



dx . . 
— sm % 



X 

90 
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which can only be integrated by series. 

In the same way, like expressions may be found for 

f^kdx cos-^x, f\dx tang~'x, &c. 



162. By article (41) we have 
(^ sin tm; = niixcos nx, d cos nx = — ndx sin nx ; 

hence' 



/> J • cos nx r J 

fax sin nx = , / dx oosiur 

n 7* 

m the expression 

dx sin'x, 

we can place for sin'x, its value, , and then have 

2 2 

Jdx sm* ar = I — ^ I = sin 2x + C ; 

^2^2 24 

and in general the integral of similar expressions containing any 
power of either the sine or cosine of x, can be obtained by first 
substituting the value of the power in terras of the double, triple, 
4kc. arc, as determined in trigonometry. 

The expressions 

dx sin"'x, dx cos^x, 

when m is entire, may also be integrated as follows. Make 

di 



gin X = z, then 



(l-zO*' 
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whence 

•^ (1 - «•)* 

This expression, by repeated applications of formula il or (9» 
maj be made to depend upon 






tdx 



(i-«0* 

In the expression 

dx tang"*:B, 

place tang a: = z 

then 

which is a rational fraction. 

Examples, 

dx 

Inteirrate 1. du=s dx sinV 2. du = • 

* cos'a? 



8. du = — L . 4. du=z dx tang*». 

sinx 



168. In the general expression 
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we may place 
Binoj =i: «, tiien cos « = (1 — «■)% d«=: , 

and finally, 

ydlr sin^f ccs*« =/^dz{l — «*)"5^, 

which may be reduced by formulas il, IB, 9} and ID, and in 

some cases integrated, as in the example 

du = dx 8in*« cos* a? ; whence u =/t*<f«(l — T^y, 



INTEGRATION OF DIFFERENTIALS OF THE 
HIGHER ORDERS. 

164. By an appHcation of the rules previously demonstrated, we 
may readily obtain the primitive function, from which differentials, 
containing a single variable, and of a higher order than the first, 
may have been derived. 

Let there be the differential 

dru =:f[x)daf. 
Dividing by rfx*"', we have 
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and since dvT'^ is a constant, this may be written, Art. (24), 

Integrating both members, we hare 

After multiplying both members of this equation by dx^ it XDAy 
be written 



<^) =/(.)* 



^« + Cia?; 



and integrating as before, 



^^=/"(x) + a: + C'; 



which by another transformation and integration, may be reduced 
one degree lower, and finally after n integrations, we shall obtain 

- ^'^ 1.2...(a - 1) ^ 1.2.. .(n - 2) ^ 
The above operation may be indicated thns, 

the symbol J* indicating that » suooessive integrations are le- 
qnired. 
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Examples. 
1. Let ^u = aa^dsf. 

The required operation is indicated thns^ 

and may be read, the double integral of aa^ds^. 
Let the expression, after dividing by <2x, be written 



iU \dx) ' 



whence by integration 



dx ^ ^ 3 ^ ^^ 



Integrating again, we obtain 



« = ^+Cx + 0'. 



2. If 
which is called a tripU integral. We maj write 



di* ~ \dx') 



whence 
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and finally as in the last example 

u = rWr" =^ + ^ + C'« + C". 

8 Ut rf««= - ?^. 4. Let <Ptt = VStf. 



INTEGRATION OP PARTIAL DIFFERENTIALS. 

165. Hitherto, we have explained the mode of integrating 
only the differentials of functions of a single variable. It yet re- 
mains to extend our rules to the integration of those which con- 
tain more than one variable. 

These differentials are either partial or tote/, Art (49). When 
partial, they belong to one of two classes. 

I. Those obtained from the primitive function by differentiating 
with reference to one variable only. 

XL Those obtained by differentiating first with reference to one 
variable, and then with reference to another, Ac, Art (46). 



166. The differentials of the first class may be expressed gene* 
rally thus, 

d-tt =f{x, y, z, Ac) (far" dTu = /'(a:, y, r, &c.)(fy*, Ac, 

in which u is a function of x, y, z, <kc., and may evidently be ob- 
tained by successive integrations, precisely as in article (164) ; all 
the variables, except the one with reference to which the differen- 
tiation was made, being regarded as constant, and care being taken 
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to add, instead of constants, arbitrary functions of those yariablei 
which are regarded as constant during the integration. 

Examples. 
1. Let (Pu = hxhfdj^, 

which, after dividing by dr, may be written 
d j -_ J = hx^ydx ; 



whence 



and 



du = *^(ir + Ydx, 
3 



u =rbx'yd3* =^ +Yx+Y', 

1 ii 



in which T and T' are arbitrary functions of y. 
2. Let cPtt = c^^i?d\^. 

167. The differentials of the second class may be written gene- 
rally thus, 

j£i»t«H-...|| =zjlx, y, z, &c.)(ic"£iy" dz' ^ 

and the mode of integratbg is plainly to integrate first, m timet 
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with reference to x, then n times with reference to y, ana ho on 
until all the required integrations are made. 

To illustrate, let 

(Pu = (p(a?, y)dxdy^ 
which may be written 



^ = (p(ar, y)dy, or d\^j = (p{x, y)dy ; 



dx 



whence by integration with reference to y, 

and 

u ^fdxf^ix, y)dy +fXdx + Y, 

or 

« =/"9(^, y)rfi^<ir -f /X(ir + Y, 

there being no necessity of indicating with reference to which rt^ 
riable the integration is first to be made, Art. (47). 

Examples. 
1. Let (P«* = aa^ydi^dx. 

This may be written 

^ = aahfdx, or d{ -if ] = axS/dx. 

31 
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Integrating with reference to x^ 

which may now be integrated as in the preceding article. 

2. Let <Pu = ax7?dxdydz, 

3. Let d^u = {x + yfdji^djf. 



INTEGRATION OP TOTAL DIFFERENTIALS OF THB 
FIRST ORDER. 

168. K «=y(«,y), 

we have found, Art (49), 

in which, -=^dx and -^dy are the partial differentials 
dx ay 



oifix^ y) ; and also, Art (47), 



d 



(fa (Ttt _ V"*/ \"y/ (1). 



or 



(S) .<!).. 



dxdy dydx dy dx 

If then an expression of the form 

Vdx + Qdy (2) 

be the total differential of a function of x and^; Vdx and Qrfy 
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must be the two partial differentials of the function, and by the 
integration of either, we shall obtain the function itself. 

To ascertain, in any given expression of the above form, whether 
Tdx and Qdy are such partial differentials, we have simply to see 
if the condition (1), or 

iP _ dQ 
dy " dx 

is fulfilled. If so, the given expression is the differential of a 
function of x and jf, and we have 

u =fTdx + Y (3), 

T being a function of y, which is to be determined so as to satisfy 

the condition — = Q. 
dy 

To determine this value of Y, let equation (3) be differentiated 

with reference to y. Then 

du _ d/Tdx ,dY, 
dy '^ dy dy ^ 



or representing/Pda? by v, 



^ = ^ + ^=Q; 
dy dy dy 



whence 
and finally 
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Examples. 

1. Let 

du = {2axy — 3&r*y)rf« + (ac" — ^^^t 
which compared with equation (2), gives 

P t= 2axy — 8&c*yf Q = oa" — ft**, 

This condition being fulfilled, we then hare 

u =f{2axy — 3bj^y)dz = tu^y — 6ya^ + Y. 
To determine T, we have 

V sz/Tdx = oj^ — iy**, 
and 

^ = a«* - 6j?; whence Q-^==0, Y = a 
tfy dy 

2. If .fu = ^+(2y.^)/y, 



Since c =fTdx = — , we have 
do « 
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hence 



and 



Y =/^Q »^\zy =/2yrfy = y« + C, 



«=^^y- + a 



a:* + y* y 

4. Let £iu = (6a:y — j^)dx + (Sz" — 2xy)dy. 



169. If a function of two variables, composed of entire terms, is 
homogeneous with reference to them, its differential will also be 
homogeneous ; and such a relation will exist between the function 
and its partial differential coefficients, as will enable us at once to 
obtain the function, when the differential is given. 

To explain this relation, let 

« =/(a?, y), 

and m denote the sum of the exponents of x and y in each term. 
For X and y substitute tx and ty respectively, the primitive function 
then becomes Tu. 

In this expression, for t put (1 + 8)\ then 

ru = (1 + sYu. 

Under these suppositions, x and y, in the primitive function, 
have become, respectively, « + «c, and y + ^^ 
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Developing this new state of the primitive function, as in artide 
(46), we have 

^\dx ^ dy^ J^ 2\dj^ ^ dxdy " J 
= (1 + *)-^ = u + mus . >»(^j"^^K ^ Ae. 

Equating the coefficients of the first powers of the indetermioate 
Sy we have 

du , du /.x 

di' + 5F^ = "'" ^'^' 

Hence in the differential 

du = Fdx + Qrfy, 

if P and Q are homogeneous of the (m — l}th degree, we shaQ 
have, by comparison with equation (1), 

Tx + Qy=:mu; « =. ^±0?. 

For example, let 

du = 4xt^dx + ay^dx + Aa^ydy + Saxt^dy,' 
in which, m — 1=8, m = 4, 

4xy^ + ay' = P, 4ar'y + Soaiy" = Q; 

whence 
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% 

170. The method of obtaining the integral of a differential, 
containing several variables, is readily deduced from what pre- 
cedes. Let 

du = Pdr + Qdy + Rdz = df{x, y, z) (1). 

K for a moment we regard 2; as a constant, and then in succes- 
sion y and x, it is plain that we shall have the three expressions 

Tdz + Qdy, Fdx + Bdz, Qdy + Bdz (2), 

which, taken separately, are differentials of functions of two va- 
riables, if the primitive expression is a differential of a function 
of three, and the reverse. 

But the conditions that these be each an exact differential, are 

dF _ dQ dP^_ dR _^ _ ^R^ /gx . 

dy "" dx ' dz dx ' d% ~~ dy 

\ 
hence if we have given an expression of the form 

Vdx + Q<Zy + Rdz, 

and the conditions (t3) are fulfilled, it will be the differential of a 
function of three variables, and we can obtain the function by 
integrating either of the expressions (2), as in Art. (168), taking 
care to add to the integral a function of that variable which is re- 
garded as constant. Thus, denoting the integral of 
Vdx -f- Qdy by v, we have 

f{Vdx + Qdy + IWz) = u + Z (4), 

Z being independent of x and y, and a function of z alone. 

If now we differentiate equation (4) with reference to «, we 
find 



£46 INTBORAL CALOULUB. 



T> dv dZ, 



whence 

^2 :R-$; Z=//'r-$V + C, 



Yr - ^'^ 

^ dz' " -"[^ dzj 



and finally 
« =/(Pix + Qrfy + R(fz) = V h-Z/'r - ^"jdz + C. 

Bj a similar coarse of reasoning, we may deduce the integral 
of the difl^rential of a function of any number of variables. 

171. In article (168) we have denoted/Pda; by v ; whence 

— =P. 
dx 

Differentiating this with reference to the variable y, we find 

d(^^\ d(±\ 

\dx ) ip \dy I 



whence 

dx dy 

Integrating with reference to the variable a?, we have 



'i). 



\:udx = &. 
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dy J dy ' 

or since {dV)dx = d{Pdx), 

dfVdx ^ r d{Vdx) 

dy '" J dy \ 

By which we see that we may differentiate tnth reference to 
another variable^ the indicated integral of a partial differenticU, by 
simply diffei-mtiating the quantity under the siyn, 

INTEGRATION OF DIFFERENTIAL EQUATIONS. 

172. These equations when of the first order, and when de- 
rived from equations containing but two variables, will appear as 
particular cases of the general form 

Tdx + Qdy = 0, 

and may of course be integrated as in article (168), when 

dP ^ dCl 
dy dx 

and give 

fPdx + Y = C. 

In practice, however, it will in general be found, that in con- 
sequence of the disappearance of a factor, common to both terms 
of the differential equation, or when the differential equation has 
been obtained by the elimination of a constant from the prim- 
itive and its immediate diflferential equation, Art. (56), this condi- 
tion is not fulfilled ; hence other means of obtaining the integral 
must be sought for. 
r>2 
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In the first place, it is evident that, if by any transformadoi 
the equation can be placed under the form 

Xdx + Ydy = 0, 

X being a function of x and Y of y, the integral can be found by 
taking the sum of the integrals of the two terms ; thus 

fKdx+fYdy^C. 



173. Among the moat simple forms with which we meet, are 

L Ydx + Xdy = 0. 

n. XYdx + X'Y'dy = 0. 

The vanables may be separated, in I. by dividing by TX, and 
in n. by dividing by YX', The results 

^ + ^ = 0, 



and 



X Y' 



are under the proposed form. In general, if the value of -1^, de* 

dx 

duoed from the equation, be under the form 



we have 



^ = X<te; and f^^fXdx. 
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Examples, 

1. Let ydx — xdy = 0. 
Dividing by ya:, we have 

X y 
or making C = /C, we have 

y y ^ 

2. Let ar/c?!? + dy = 0. 
Dividing by y*, 

«te + § = 0; 
y 

integrating, and reducing 

a^y - 2 = 2Cy. 

3. Let (1 — xfydx — (1 + y^dy = 0; 
whence 



and 






2lx + « — ty — y = C. 



4. Let (1 + a^)dy - Vy dx = 0. 
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6. Let i^dz - (3y + 1) V^dy = 0. 

174. I [L In all cases where the equation is homogeneous with 
reference to the variables, they can be separated, and the equation 
placed under the proposed form. 

Suppose the general form of the given differential to be 

AxTiTdx + Bx*y*(fy = 0, 

in which n + m = h + k=ff. 

Make y =*vSf and substitute ; we thus obtain 

AafiTdx + BstFifdy = ; 

dividing by af, and putting for dy its value, zdx + xdz\ we 
have 

AaTdx + W{zdx + xdx) = 0; 
dividing by {AaT + Bz**^^)af, we have 

dx Bz*rfg _ Q 

which is under the proposed form. 

Examples. 

1. Let s^dy — j^dx — xydx = 0. 

Make y = ««, then dy =z zdx + xdx. 
Substituting in the given equation, we have 
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reducing and integrating, 

xdz - z'dx = 0, - - — /a? = C. 



Putting for 2 its value, we have finally 

^ = - (C + ?). 

2. If ^ + y^dy = ydx, lx=±-^ l\/y + C. 
8. Let ardy — ydx = <2x Vaj* + y". 



176. IV. The equation ^. 

(a + 6a? + qrM« + (a' + h'x + c'y)dy = 0, 

may be so transformed, that the variables can be separated and the 
integral found. For this purpose let us make 

whence 

dx= dtj dy == du. 

These values in the primitive equation, give 

{a + hS + c5' +bt + cu)dt + (a' + h'6 + &6' + h't +c!u)du = 0. 

By placing 

a + W + ctJ' = 0, a' + i'5 + c'5' = 0, 

we can determine proper values for the arbitrary quantities S and 
J', and our equation reduces to 
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{hi + cu)dt + {b't + c'u)du = ; 

which being homogeneous with reference to t and u may be treated 
as in the preceding article. 

This transformation is always possible, save when the values of 
S and 6^ become infinite, which will be the case only when 

ic'- eft' = ; 

whence 

c' = ^; l/x + e'y^^ihx + ey). 



The primitive equation thus becomes 

adx + ddy + iftx + cy){dz -j <fy) « 0, 

I * 

in which the variables may be separated by making 

ftz + <^ = 2- 

Substituting this, and the resulting value oIL dy^ the equation re- 
duces to 

^ abc-a'VJr (be - W)x 

J£ be~bb' = 0, 

we hare at once the integral 

^ 2a>bz + y** _ p 
■^ 2{abc -a'V)~ ' 

in which the value of z is to be substituted. 
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176. V. In the equation 

dy + Vydx = (^dx (1) * 

P and Q being functions of a?, the variables may be readily sepa- 
rated by making 

y = «x (2), 

X being a function of x^ for which a proper value is to be deter 
mined. By differentiating equation (2), we have 

dy = zdX -t- Xd«, 

and by substitution in (1), 

zdyi + X(d% + Vzdx) = d/ix (3). 

Suppose X to have such a value that 

zdX=Qrir (4); 

equation (3) then becomes 

Ti{dz + Vzdx) = ; 

whence 

% 
or taking the numbers 



♦ Note. — Equations of this kind being of the first degree with reference 
to y and dy^ are sometimes improperly called linear egualwns. 
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From equation (4), we have 

2 

whence 

X =fQfi^^dx. 
Hiese values of z and X, in equation (2), give 

1*1*1. Equations of the form 

at^sTdx + hjfdx + csPdy = 0, 
may sometimes be rendered homogeneous bj making 

y = «', 

h being a constant to be determined. From this, we have 
dy = k^'dz, y* = 2*-. 

These values in the primitive equation give 

asf^jirdx + hxfdx + ckafif-^z = 0, 
which will be homogeneous, if 

fofi + n=p = g + lr— 1, 
that is, when 
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178. It has been remarked, article (172). that differential equa- 
tions sometimes fail to fulfil the condition of integrability, in con- 
sequence of the disappearance of a common factor. Whenever 
this factor can be discovered, by trial' or otherwise, the integral can 
at once be found, as in article (168). 

Let 

Pdar + Qrfy r= 

be a differential equation, in which the condition is not fulfilled, 
and suppose that 

« =yi-»^> y) 

is the factor by the disappearance of which the given equation has 
resulted. The immediate differential equation will then bo 

Tzdx + Qzdy = 0, 

from which we have the condition 

dFz _ dQs 
dy ~ dx 

or performing the differentiation 

«rfP Prfz_^ Q^ 
dy dy dx dx 



or 



\ dy ^dx/^\dy dxj ^ ^ 

This equation expresses a relation between z, x^ and y. bnt its 
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solution in the general case is so difficult, that nothing will be 
gained by attejnpting it 

In the particular case, however, where z is a function of x only, 
its value can be determined, as we shall then have 



and equation (1) will reduce to 



dx "^ 



/dP _ dQ\ _ 
(57 5F/-°' 



or 



dz^}^fdP_dQ\ 



Q \dy dx J 
But by hypothesis « is a function of x, therefore 



then 



fT=f^^-' 



whence 

h rrzfXdx, X = </"- 

Let this be illustrated by the example 

dx -h 2aryiy + 2/dx =5 0, 
m which 
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P = 1 + 2y» Q = 2ary ; 

whence 



and 



i (— - ^^ - 1 - X. 



z = e./3^<^ = e-^*^ = c'* = 4?, 



X being the common factor, the immediate differential equation 
must bo 

xdx + 2a^ydy + 2xy*dx = 0, 

which can be integrated ad in article (168). 

In a similar way, if « = f'{i/)y its value may be determined. 



179. Differential equations of the first order, containing the 
higher powers of rfy, may arise, as in the last case of article (56), 
from the elimination of the higher powers of a constant. Such 
equations, after division by efjr", may be put under the form 

(!)•-- (2)" ■«"=» «• 



The determination of the primitive equation will then depend 
upon the solution of equation (1), or upon the division of the first 
member into its factors of the first degree. There are n such 
factors, and it is plain that each, when placed equal to zero and 
integrated, will give an equation between y and x which may be 
regarded as a primitive equation. 
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dy 
d 
equation (1) may be written 



If, then, the values of -? be denoted by V, V, V", Ac^ 
dx 



(f.- '){%-'■){%-"")'- 



, = 0, 



which may be satisfied by placing 

|_V=0. g-V'=0.&c ...(2); 

and if the integrals of these equations be denoted by P, K, P", 
Ac, respectively, we shall have 

PFF'&c. = (3), 

for the most general primitive equation, particular cases of which 
may be obtained by placing P = 0, P' = 0, or the pro- 
duct of any of these factors taken two and two, or three and 
three, &c. 

It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n ar- 
bitrary constants ; but equation (1) can only be deduced from its 
primitive equation by the elimination of the nth power of a con- 

stant : [Or by raising {-f. — V) to the nth power, in which case 
dx 

the primitive equation must be y =/\dx'\. It is plain then that 
the constants added ought to be equal, or that the same should be 
added in each integration. 

The n differential equations of the first degree "which are factors 
of (1) are readily accounted for, by supposing the primitive equa- 
tion to be solved with reference to C, which will have n values, 
each of which differentiated will give one of the equations re- 
ferred to. 



INTEGRAL CALCULUS. 261 

As there iiill be difficulty in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
some particular cases which admit of integration bj other 
means. 



180. I. J£ the proposed equation does not contain y, and it be 
easier to solve it with reference to x than with reference to 

-^, which we will denote by jo, we can then obtain 
ax 

x^Ap) (1). 

But 

dy = pdx, 
and by parts, article (140), 

y=^px —fxdp = px -ff{p)dp + C ; 

whence, if f{p)dp can be integrated, p may be eliminated by 
the aid of equation (1), and the primitive equation between x, 
y and C, deduced. 

n. If the proposed equation does not contain a?, and may be 
solved with reference to y, we shall have 

y =/(/>) (3), 

dy = d/{p) or pdx = d/{p) ; 

whence 

p J T 
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Combining this with equation (3), and eliminating p^ a primi- 
tive equation will result between d?, y and C. 

ni. When both variables enter, but y enters only to the first 
power, we may take its value in terms oip and x, differentiate it| 
and thus obtain 

dy = Rrfa: + Srfp; 

or, since dy =•. pdx^ 

(R - p)dx + Mp = 0. 

K this can be integrated, the result may be combined with the 
proposed equation, p eliminated, and a primitive equation between 
y and x determined. 

Suppose the deduced value of j/ to be 

y = P* + P (4), 

in which P = f{p\ By differentiation, we obtain 

dyrspdx + xdp + — dp; 
dp 

or 

which may be satisfied by making 

« + ^ = (5), or dp = (6) 

dp 

Equation (6) gives ^ = C ; 
whence by substitution in (4), 
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C beiug what P becomes when ^ = C. 

Equation (5) expresses a relation between x and p, and if it be 
combined with (4), and^ be eliminated, an equation between x and 
y will result, which will contain no arbitraiy constant. 

Let there be for a particular example 

ydx — xdy = n\/5i?"+"5y^; 



whence 



y=px+ nVTT^. (7), 

dy=pdx + xdp+ J^P^P , 



whence 



X H **^ — = 0, dp = or 2> "s OL 

This value of 2? in (7) gives 

y=Cx + nVl + C. • 
From the other factor ve hare 



i'= d= 



which in (7), gives 
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y« + «• = n«, 

a result contiiuing no arbitrary constant, which will be further 
explained in the following article. 



SINGULAR SOLUTIONS. 

181. It has been seen, that roan}' differential equations of the 
first order result from the elimination of a constant, from the pri- 
mitive equation and its immediate differential. Thus, let 

yi*,y,c) = o (1), 

be the primitive equation containing the variables x and y, and the 
constant C, 

Tdx + Qdy = (2) 

its immediate differentia] equation, and 

Fdjc + Q'rfy = (3), 

the result obtained by the elimination of C from (1) and (2). It 
may now be asked ; may not such a function of x and y be substi- 
tuted for C, that the result of the combination of equation (1) un- 
der this supposition, and its immediate differential, shall be the 
same as before ? To answer this, let equation (1) be differentiated, 
X, y, and C being regarded as variables, we thus obtain 

Fdx + Qdy + C'dC = (4). 

Now if C'rfO= 0, it is plain that equation (4) will be the same 
as equation (2), and the result of the elimination of C between it 
and (1), will then be the same as equation (3). 
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If then for C in equation (1), we substitute the variable value 
deduced from the equation 

O'rfC = 0, 

that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation, as any one containing the arbitrary 
constant. 

Such rosult«^ arc termed singular zoluikms^ inasmuch as they can 
not possibly be obtained from the complete integral, Art. (132), by 
assigning to the arbitrary constant a particular value ; the latter 
results being called particular integraU, 

The equation C'c^O = can be satisfied, by mftlnng 
rfC = or C = 0. 

The first gives C = a constant, the particular values of which 
when substituted in equation (1) give particular integrals. 

The values of C deduced from C = 0, if variable, will then give 
the only angular solutions. 

To illustrate, let us resume the complete integral of equation 
^7), in the preceding article, 



y = Cx + nVl + C«. (5). 

Dififerentiating with reference to C, we have 

whence 

84 
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«+-^i^=0 (6), 

and 



a* + »K? = nK?, or C = * : 

the negative value of C being plainly the only one which will sat- 
isfy equation (6). Its substitution in (5), gives 



'=-^p-"^?;- 



y = Vn* — «■ or y* + «" = n*, 
the Bingular' solution found in the preceding article. 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF 
THE SECOND ORDER. 



182. Of these equations, which in their most general form con- 
in — ^, -J-, y, x, and constants, we si 
(te* ax 

particular cases which admit of integration. 



tain — ^, -J^, y, x, and constants, we shall only discuss tho6« 
d^ ax 



L The proposed equation may contain only — ^ ^, and con- 
atants ; in which case, solving it with reference to --^, we have 



INTSORAL CALCULUS 36f 

which may be integrated as in article (164). 



183. n. It may contain only ~-A, y, and constants, fkdr- 



ing the equation as before, we obtain 






Multiplying by 2dyj 



dx dx 
and integrating, 

^ =/2Yrfy + C, or g = Vz/Yiy + d- 

whence 

V2/Ydy + C ^ V2/Ydy+0 

1. If a'iV + y*e* = 0. 

^v _ _ y_ 2^ ^ _ __ Jy^ 

dz* ~ (^ dx dx ~ a* 

^^ - y'a-C ^y -\/C- y* 
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which may be integrated as in case I, article (133). 

2. Let d^Voy = rf«*. 

184. ni. The equation may contain only -?, JL, and o(m« 

d^ dx 

stants, being expressed generally thus, 

^(^■l)-« w- 

Make ^=j»; then ^ =-^, and (1) become* 
ax cur dx 



'{%")-"■ 



which is of the first order with reference to dp, and may be solved 
with reference to dx ; whence 

dx = r{p)dp (2), X ^fP{p)dp + C (3). 

Multiplying (2) by p, we have 

^ = dv = P^'(p)dp', y =fpl^\p)dp + C (4). 

Eliminating p from (3) and (4), we have the primitive equation 
between x, y, and the two arbitrary constants C and C. 

For an example, let 

i^Jlia* - «, or ^*D t.d _ „; 
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whence 

Integrating the last two expressions, we have 



VTT7 Vi +f 

and eliminating J9, 

(« - C)> + (y - CO' = a«, 

as was to be expected, since the proposed equation expresses a 
constant radius of curvature. 



185. IV. If the given equation does not contain y, it may he 
expressed 

\^ %■)='■ « '($'"')''•• 

which is of the first order with reference to dp. Its integral will 
give an equation of the form 

/(l>,a?)=0, 

in which, p being replaced by -f-^ and the result integf ated, we 

dx 

shall have 

/'(y, *) = 0, 

with two arbitrary constants. 
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For an example, let 






OX X 


or 

^P_ P 

di-7' 


dp d* 
7 = T' 


Ip^lx+C, 


p = C. 



^ = C'*, and y = — + C". 
dx 2 



186. V. If the giTen equation does not contain «, it maj be 
expressed 

i^' !•')=» <■>• 

l^ce dy = jx2ir, 

dx =z% ^ = ^ = Z^, 
and equation (1) may be written 

which is of the first order with reference to dp and dy. Its inte- 
gral will then be expressed 



F(;?,y) = 0, or 



■"(§')-»• 



INTEGRAL GAL0ULU8. 2?1 

.and this may be treated as in case 11. Art. (180). 
187. VL If the equation be of the form, 

^+=^i+=^''=» •<')■ 

Make y = «"*. (2); 

then 



^y - 



i = «*'•"' 



^ = ''-(«• ^^)- 



These values in (1) give, (since the conmion fsEictor e-^"'* dia- 
appears,) 

J^ + tt« + Xtt+X' = 0, 
ax 

which is of tbe first order with reference to du. After integration, 
the value of u being determined and substituted in (2), will give 
the required primitive equation, 

y = e^/*-. 



INTEGRATION OF DIFFERENTIAL EQUATIONS OF HIGHER 
ORDERS THAN THE SECOND. 

188. Of these, it will also be sufficient for our purpose to discuas 
a few of the most simple cases. 
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I. Suppose the equation to contain only — ?-, -- — ^, and con 
stants, it taaj then be expressed, 

i^^y' (»• 

Make 

- — ^ = u ; then --ii s= -— . 

These values in (1) give 

which is of the first order, and its integral will give u in tenm 
of X, or 

« = ^ + «' ■^ = ^ + C' 

and finaUy, 

y =/-»(X + C)d^^ 

189. n. Suppose the equation expressed thus, 
J, / i^ d^N 



Make 



^-L = «, then ^ = ^ 
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and equation (1) will become 

which may be integrated as in article (183), and the value of 
u = f{x) determined ; we shall then have 

-^ = f(x) and y ^f'-^/{x)d^\ 



190. in. Suppose the equation to be of the form 

d?y + AcPydz + Bdyda^ + Dyda^ = (1). 

Make 

y = «"..; (2), 

u being an arbitrary function of x ; then 

dy = e^'du dSj = e\d?u + Jw") 

d^y = c"(d'''tt -f 3df/rf«tt + dw"). 

These values in (1) give 

d?u + Sdud^u -f dv^ + A(rf«tt -f dn:')dx 
+ Bdudx" + Dda^ = (3). 

Since u in equation (2) is arbitrary, let such a value be assigned 
to it, that its differential shall be constant, in which case 

du = mdx, d^u = 0, c?u = 0, 

Equation (3), under this supposition, reduces to 

m« + Am» +Bw + D = (4). 
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From this equation we may determine the value of the oonsiant 
m. Denoting the three roots by 

f», «', m", 

we have for du the three values 

du = mdxj du = m'Ar, du = i»' <Lr ; 

whence 

tt = ma? + C, tt = m'a? + C, « = m"« + C", 

and 

y = e"^, y = e""^', y = e-'"^' ; 

or calling 

ec = C, «^' = C, e^" = C", 

y = O-, y = C'e"*", y = C"e""'. 

But since these values of y each contain but one arbitrary con- 
stant, they must be particular cases of the general value of y, 
which must be of such a form that either of the above particular 
values can be deduced from it ; that is, 

y = O- + C'e"" + C"<J-'", 

from which the first particular value is deduced by making C and 
C" = ; and in a similar way, the others. 

If two of the roots m, m', m", are equal, that is, if m = m', we 
should have the equation 

y = (C + OOtf"' + C"e""'' = Ce"* + C"e«"', 

containing but hvo arbitrarv constants, C + C being denoted 
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t>j C. It is not then general. But in this case, y = Ce^ be- 
ing a particular value, 

y = C'x^ (5) 

will be another ; for, differentiating it, we have 

dy = C'«-^(l + fnx)dx, 

d'y = C'6-(2m + mJ'x)da^, 

d?y = C'c-'(3m« + m^x)d^, 

and these substituted in equation (1), give 

(m' + Am* + Bm + D)x + (3i»« + 2Am + B) = (6). 

But the coefficient of x is the same as the first member of equa- 
tion (4), which has two roots equal to m ; and 3m' -f 2 Am + B 
is its first derived polynomial, which, when placed equal to 0, must 
have one root equal to m (see Algebra) ; hence both terms of (6) 
are 0, and y = CxtT* satisfies the given differential equation, and 
must therefore be a particular value of the general one, 

y = QtT + C'a?6"' -f C"e*"'. 

If m^^rn'^ m", it may be shown also by trial, as above, 
that 

y = C'ir'c-' 

is a particular value ; whence the general value must be 

y = e"'(C + C'a? + C'V). 

Two of the roots may be imaginary, but as the discussion in 
this case is quite complicated, and of little value to the student, wo 
omit it. 
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To illustrate the above, let 

d^y + 2d^ydx — dyds^ — 2ydaf = 0. 
Comparing this with equation (1), we have 

A = 2, B=-l, D=-2; 

and equation (4) becomes 

m* + 2jii* — m — 2 = ; 
whence 

m = — 2, 1, and — 1, • 

and the general value of y is 

y = Cc-^ + Oer + C"e— . 

191. It is plain that the preceding principles can readily be ex- 
tended to the general equation 

rf-y + Ad'^^ydx + Bd'^^yda^ + Mydaf = 0, 

and that the general value of y will be 

y = C«- + C'e-" + C"«-"' + kc 

102. If the equation be 

d^y + JJhfdx + :^'dyd3? + X"y^ = (1), 

in which X, &c. are functions of £, the difficulty of integration is 
much increased* If, however, we know three particular values o( 
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y, Cy', Cy, Cy, each of which will satisfy the given 
equation, then the general value of y will equal their sum, that is 

y = c/ + cy + C'Y' (2). 

To verify this, let equation (2) be differentiated three times and 
the proper values substituted in (1), we shall thus obtain 

C(<f / + Xd^y'dx + X'dy'dx" + XydJ) 
+ C'(dhf" + Xd'f/'dx + X'dy"dx' + X"y"^) ^ = 0, 
+ C"((i'y'" -f Xd'y^'dx + X'dy*"dx' + Xy'ds^) ^ 

which is satisfied, since each of the three terms is by hypothesis 
equal to 0. 



193. The above demonstration can be generalized, and a similar 
result obtained for the equation 

(i"y + Xd'^'ydx + yX^'^'^dx^ = 0. 

This, and the equations discussed in the three preceding arti- 
cles, belong to the class termed linear. See note to article (176). 



INTEGRATION OP PARTIAL DIFFERENTIAL EQUATIONS 
OF THE FIRST ORDER. 

/ 

104. A partial differential equation of the lii^^t order, derived 

from an equation between the three variables z, y and ar, z being 

regarded a«4 a function of x and y, contains in its most general 

form, the three variables, the two partial differential coefficients, 
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-— and — , and constants. Without attempting to discuss the 
ax dy 

most general^ we will confine ourselves to a few of the most simple 

cases. 



I. If the equation contains but one partial differential coefficient^ 
and the two independent variables, that is, if 

d% p 

P being a function of x and y ; we integrate at once as in artido 
(166). For example, if 



rf« __ X 



195. n. Let the equation be 



«= V«*+y» + Y. 



55 = ^' 



R being a function of the three variables. Since the partial dif- 
ferential coefficient has been obtained under the supposition that 
y is constant, the proposed equation may be regarded as a differ- 
ential equation between z and x^ and may be integrated as in 
article (IV 2), taking care to add an arbitrary function of y. 



Examples. 



l.Let ^=vZEZ, 

dx z 
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By the separation of the variables, we have 
andbj integration 



2. Let ? = 4^. 



196. m. Let the equation be 

M and N being functions of x and y. 
Solving the equation with reference to -^, we have 

dy^ M dx 
But since z is a function of x and y, 

dz = ~—dx 4- ---rfy , 
Ac ^dy^' 

jv 
or by the substitution of the value of r=— j 

dy 
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If S be the factor which will make Mdx — Ndy integrable, we 
may write 

S{Udz - Ndy) = du, 

which in (1), givea 

dz = du. 

SM dx 

to satisfy which, it is only necessary that — — — = F(«); whence 

SM dz 

dz = ¥{u)du X = ^(u), 

the form of this function being arbitrary. 

Examples. 

Mdx — Ndy = xdx -f yciy, 
which is made integrable by the factor 2, and we have 
ar" + y« = tt, and z = (p{af + y*), 
which is the general equation of a surface of revolution. 

Mdx — Niy = ydx — xdy, 
which may be .ntegrated by the aid of the factor -^ ; whence 
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- = «, and « = of ^ I . 

9 \y J 



BECTIFICATION OF CURVES. 

197. The operation \>j which the length of a curve ia deter- 
mined, is called its rectification ; and when a right line can be 
constructed equal in length to a definite portion of it, the curve is 
said to be rectifiahU, 

If X and y are the co-ordinates of any point of a curve 2, we 
have, article (86), 

dx = Vrfx* + di^, or z =y VdiT* + dj^, 

which is a general expression for the length of an indefinite por- 
tion of any curve. 

In order then to obtain the length of a particular curve ; we 
differentiate its equation, and by combining the result with the 
given equation, deduce the value of dy in terms of x and dx, or 
of dx in terms of y and dy, and substitute in the general expres- 
sion for the differential of an arc. This will then contain but one 
variable and its differential, and the integral will express the length 
of an indefinite portion of the curve. 

If the length of a definite portion be required, the integral must 
be taken between the limits, designated by the two values of the 
variable belonging to the extremities of this definite portion, Art 
(132). If the expression thus obtained can be constructed geo- 
metrically, the curve is'rectifiable. 
86 
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198^ Let these principles be applied to the reclitication of the 
parabcdas given bj the general equation 

Hiis can be written 

I M 

y = ^x^ = |} V. (1). 

67 differentiation, we have 

dy = rj^aiT'^dx ; 
hence 

This admits of an integral, in a finite number of algebraic terms 
and may be constructed, when either 



2r— 2 



or 



(s^^^ + t)' 



is equal to a positive whole number, Art. (147). 
Denoting these numbers by k and Ir', we have 



2r 
whence 



-2 ^ \^2r-2 ^ 2 ; * 



r = ?!L±JL; and r = _^. 

2k ' 2*' + 1 

These yalaes of r in equation (1), give 
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ff=:p*sr^^ and y=;>'aj**'+» (2). 

Wlienever the equation is a particular case of either of these 
forms, the parabola represented by it is rectifiable. 

As the second of equations (2) will become of the same form as 
the first, by changing x into y and y into x, they will represent 
curves of the same kind, and all the cases of rectification may 
therefore be deduced by the discussion of either. 

■ Kin the first, we make A; = 1, we have 

y = ^'x* or y* = ^'V, 

3 

which is the equation of a cubic parabola. In this case r =: — 

and 

If we wish the length from that point whose abscissa is a, to 
that whose abscissa is 6, we take the integral between the limits a 
and 6. 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be a? = 0, Art. (132) ; we then have 

= ! , + C, or C= ?_; 

27p'* 27p'» ' 

whence, denoting this particular integral by «', 
for the length of any arc whose abscissa is or, 
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199. By differentiating the equation 

we obtain 

P 
This value in the expreaaion « = / V(ix" + dy", givea 

which by formula IB may be reduced to 

But 

/v^fc = ^^'^^'^^ "*■ ''^ + ^ ^ ^'**^ *' 

hence 



,^srvV±y:^£/(V7Tl? + y) + c. 

If we estate the arc from the vertex, where y = 0, we hav« 

= £ /p + C, or C=^^Llp, 

2 2 

and finally, denoting the particular integral by x', 
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which is transcendental and can not be constructed. Hence the 
common parabola is not rectifiable. 



200. For the arc of the circle, we have, Art (86), 

which can only he expressed by a series and therefore admits of no 
construction. 

Differentiating the equation of the ellipse, we deduce 
dy=.^^dx; 

whence 



which can only be expressed by a series. 

201. The differential equation of the cycloid, Art. (114), i 



dx = 



ydy 



Bj the substitution of this value of dx, we obtain 

z ^fVdx^ + dy' ^JdyJZ^Z. = ^/2^fdy{2r - y) * : 
V ^ry — 'f 
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whence, article (129), 

« = — 2'v/2r(2r - y)* + C = - 2V2r(2r - y) + 0. 

If we estimate the arc from the point D, where y = 2ry we 
have 




a 



= + 0, or = 0, 



and 



2' = DM = - 2 V2r(2r - y) (1). 



From the figure we see that 



hence 



DF = VDC X DH = V2r(2r - y), 



DM = - 2DF, 



or the arc is recdfiable and equal to twice the correqwnding chord 
of the generating circle. 

If in equation (1) we make y = 0, and denote the definite in- 
tegral by «", we have 

«'' = DMA = - 4r = - 2DC, 

as in article (118). 

202. For the rectification of the spirals we take the ezpression 
in article (120), 



dz = Vdii* -f uW. 
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B7 differentiating the general equation u = af, we 
deduce 

whence by substitution, <fec^ 

z = far-^dt Vn^ + f. 
For the logarithmic spiral, when M = 1, we have 

u 
z =fduV2 = uV^ + C; 
or, estimating the arc from the pole, where u = 0, we have 

z' = tt\/2 , 
or the diagonal of the square upon the radius vector, 

aUADRATURE OF CURVES. 

203. The quadrature of a curve is the operation by which the 
area included within it' is determined ; and a curve is quadrahle 
when a square can be constructed equivalent to this area. 

In article (88), we have 

ds = yrfar, or * =zfydx (1), 

m which s represents the indefinite area limited by the curve and 
the axis of X. 
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To obtWQ the value of a for any particular curve, 100 take the 
value of y in terms of x from the equation of the curve^ or ike 
value of dx in terms of y and dy from its differential equation^ 
and substitute in the formula s :=sfydx ; the result obtained 
by integration will be the indefinite area. 



204. The value of y taken from the general equation of pani- 
l)olas, Art. (198), is 

y=i>v (1), 

which, in the formula, gives 



t^fj/^dx^.^ + O. 



If we estimate the area from the origin, where jp = 0, 
we have 



= 0; 



whence 



r + 1 I- + 1' 

that is, the area of a portion of a parabola, included between the 
curve, the axis of X, and any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, di\ided by 
r + 1. Hence all parabolas are quadrable. 

The same result may be obtained otherwise, tlius : The valuo 
of ff from (1) is 



nmoBAL OAhovun. 
X = iLl, whence dx = }Ll - -- , 

and this, in the formula, ^res 

as before. 
For the common parabola, we have r = | ; whence 

For the cubic parabola, r = f ; whence 



5 



205. The value of y taken from the equation of the ellipse re- 
ferred to its centre and axes, is 

hence 

« = -/(«'- ^^' 
* a 

By formula IB9 we have 

2 2 

87 



I 



990 
But 
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whence, finallj. 






2a ^2 a ^ ' 

which can not be constructed. 

Taking the area between the limits x = and x = a, 
we have 

for ar = 0, « = ?^ Bin-*0 + C = C; 
' 2 ^ • 




for « = a, 

2 2 2 

and for the difference, or definite integral, 

«"=—«' = CDB = ithoftheelHpee; 
4 4 

hence the entire area ia «'a&. 

If a = &, the ellipse becomes a circle of which a is the 
radius ; whence the area of the circle is 

ca' = «* (radius)'. 

The same result may be obtained by taking the value 



whence 



INTBORAL CALCULUS. 



'= ^/2Tx~^ti?\ 



for the area of an indefinite portion of the circle. 
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206. In order to find an expression for the area of a portion of 
the hyperbola, it ^ill be best to take its equation when referred to 
the centre and asymptotes, 

xy =z nij 

and, since the asymptotes are oblique to each other, we must use 
the formula deduced in article (88), 

ds = sin u ydxj 

6J being the angle included by the asymptotes. 



The value y = — being substituted in the formula, gives 

X 



J . mdx % 

CM = sm w ; whence 



* = sin w mix + C. 



If we call the distance CB = 1, 
and estimate the area from the or- 
dinate AB, for which x = 1, we 
have 



m =: 1 and = 9; 



whence 




«' = smulx] 
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or since ftin cj may be regarded as the xnodalas of a new system 
of logarithms, we have 

«' = log«; 

or, the area between the curve and asymptote estimated frcm the or* 
diuate of the vertex is equal to the logarithm of the abseissa ofiU 
extreme pointy taken in a system whose modulus is the sine of the 
angle made by the asymptotes. 



207. The value oidx taken from the differential equation of the 
cycloid, and substituted in the expression s =ifydx, gives 



^ r fdy 



which can be reduced by formula IB9 and finally integrated* 

A more simple method, however, is to obtain directly the area 
ALD. K we denote 

P'M = 2r — y by «, we shall have 




whence 



d ALFM ^ds^jdx, 



or 



ds = (2r — y)dx = dy ')/2ry — f ; 



s =^fdy V'^ry — y*. 

But this is evidently the area of a portion of a circle whose 
radius is r, and abscissa y. Art. (205) ; that is, the area of the 
segment CFH. If we estimate these areas ; the first from AL, 
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and the second from the point C, thej will both be 0, when 
y = ; the arbitrary constant to be added in each case will then 
bo 0, and we have 

ALFM = CFH, 

and when y = 2r, 

ALD = CFD = !!f . 
2 

But the area of the rectangle 

ALDC = AC X CD = rr.2r = 2*^"; 

hence 

area AMDC = ALDC - ALD ==.1^, 

2 

double of which, or the area included between one branch of the 
cycloid and its base, is equal to three times the area of the genera- 
ting circle. 

From this we see also, that the area, included between one 
branch of the cycloid and its base, is equal to three fourths of the 
rectangle deHcri bed upon the. base and axis, and this particular 
area would therefore app'ear to be quadrable ; but in reality it is 
not so, for the base of this rectangle is the circumference of the 
given circle, to whijh it is not |)os8ible to construct a right line 
equal. In fact, y being the independent variable in the equation 
of the cycloid, Art (114), it is impossible for any assumed value 
of y, to construct the corresponding abscissa, and thus the position 
of the points C, B, &c^ can only be determined approximately. 

208. For the logarithmic curve 
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y = log ar ; 
henoe s =flogxdXf 

or 

« = «log ar - M« + C Jiit {liO 

M being the modulus. 

If we estimate from the point B, where « = 1, we hare 
0=--M + C, C = M, 

and 

«' = « log « — M« + M. 
If we take the area included between the curve and axis of Y, 

8 =zfxdy ==:fxU— = M« + C, 

X 

or estimating from the line AB, for which « = 1, 

C = - M ; whence ^^ = M(aj — 1). 
If « = 0, we have «" = - M = area Y'ABM'. 
If « = 2, " «" = M = area ABMS'. 



209. The curve given by the equation 




""T 



F to which, as in the figure, the axes of co-ordinates 
^ are asymptotes, presents a ca?e worthy of notice. 



INTEGRAL OALCULUS. 206 

By differentiation, we obtain 
whence 

. = -ri^ = l + c. 
J y^ y 

Estimating the area from the line AY, where y = oo , we have 
= A + C, C = 0, 
and 

y 

Bj making y = 1 = MP, we have 

«" = 2 = APMD; 

that is, the area APMD is finite and equal to twice the square 
APMC, although the curve does not touch the axis of Y at a finite 
Stance. 

If we take the area between the limits y = 1 and y s= 0, we 
have 



area FMPX = — -. 2 = oo . 



210. For the quadrature of spirals, we take 
ds = ^ ^ (120), or . = f!^ (1). 
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The value of u' taken from the general equation of spirak, Art. 
(121), is u* •= a'^". This substituted in formula (1), gives 



=/ 



- = 4- v*. 

4n + 2 



Estimating the area from the pole, where < = when n is 
positive, and ao when n is negative, we have, in all cases except 
when n is negative and numerically less than ^, 0=0, and 



4n + 2 



For the spiral of Archimedes, n = 1 and a = — ; whence 

24*" 
If in tliis we make i = 2*^, we have 

•"=!■ 

which is the area PMA included within the first spire, or 
that described by one revolution of the 
radius vector. Since PA =1, * re- 
presents the area of the circle PA; 
hence 

area PMA = J- of the circle PA. 



If < = 2 (2*), we have 

24*' 8 
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which is the whole area described by the radius vector during two 
revolutions. But it is plain that, during the second revolution, 
the part PMA will be described a second time ; hence, to obtain 
the area PAM'.B, we must subtract that described during the first 
revolution ; we then have 

PAM'B = !«'-. !«' = !«'; 
3 3 3 

and in general it will be seen, that by each revolution of the 
radius vector, the area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the area 
from the pole out to the mth spire, from the whole area described 
during m revolutions, take the area described during m — 1 
revolutions, or take the integral between the limits 
< = (m — 1)2«', and t = m2flr, which gives 

{m7,*Y _ [(m - l)24r3' m» - (m - 1)» 
24«^ 24«^ "" 3 

The area terminated by the (m + l)th spire is then 

~ 3 *• 

and the difference between the two expressions gives the area in- 
cluded between the mth and {m + l)th spires, thus 



If m = 1 in this expression, we have the area included be- 
tween the first and second spire equal to 2t ; hence, in general, 
the area between the mth and (m + l)th spires u equal to m timei 
that included bettoeen the first and second. 

38 
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If the area PAC be required, AC being a (cordon of th« 

second spire corresponding to the arc AD = — , we shotdd 

n' 

have for the whole area generated when the generating point has 

arrived at C, since < = 2c -l , 

n' 






"24?" 

from which, subtracting the area PMA, we have 



APC 



24? 24** ~;i^ "^n' ■*"3ii'«/' 



or if we call AP (which has been regarded as nnity) r, 
APC = ^ A + L + J-V- 

I 2c 

If AC' =r — circumference = — , then n' = 4, and 



APC = -1 A + i + i-V 
4 \^ ^ 4 ^48^ 



For the hyperbolic spiral n = — 1, and the general value 
of 9f becomes 

which is infinite when < = 0. For the integral between the 
limits < = 6 and ^ = c, we have 
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'■='r{\-i} 



In the logaritlimic spiral, when M = 1, 



u 



or estimating from the pole where u = and 0=0; we have 



'=?' 



that is, equal one-fourth the square described upon the radius vector 
of the extreme point of the curve. 



AREA OF SURFACES OF REVOLUTION. 

211. In article (89), we have found for the differential of the 
area of a surface of revolution du = 2*yVdx' + dy* ; whence 
for the indefinite area, we have 



u =/2ry Vd^^TW (1), 



the axis of X being the axis of revolution, and Vds^ + dtf the 
differential of the arc of the generating curve. 

The indefinite area of any particular surface will then be ob- 
tained, ly deducing from the equation and differential equation of 
the meridian or generating curve, the values of y and dy in terms 
ofx and dx ; or of dx in terms of y and dy, and substituting in 
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formula (1). The result of the integration wiU be the area re- 
quired, 

212. Let the line AC, by its reyolution about AB, generate the 
Burfaoe of a right cone. The origin of co-ordinates 
being at A, the equation of AC is 



■^ 



y ss ax; whence dy == odr, 

and 

u =:f2ifaxdx Va» + 1 = «'!»• Va» + 1 + C. 

Estimating the area from the vertex, where « = 0, we have 
C = 0, and 



Making x = A6 = A, we have the area of the cone whose alti- 
tude is A, and the radius of the base BC = 6, 

u" = coAVfl^ + 1, 



or smoe a = ^ , 
h 

2 2 

that is, the cireumferenee of the base into half the side, 

213. From the equation of the drcle, we have 

y = V2rx — «*, dy s= ^ '— . 

The surface of the sphere is then 
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=/2iryY/^+ ('' — ^)-^=/2crrf^ 



tt = 2irrx + C. 

Taking the area between the limits x = 0^ and x = 2r, 
we have 

tt" = 4«r* ^/ourffreat circles, 
214. From the equation of the ellipse, we have 

whence for the area of the ellipsoid of revolntioni 



2«'& 



or placing -^-/a' - 6» = C, and , _ 
tt = C'/rfi:VR'» - J*. 



= R'«, 



But fdxVB,'^ — «* = area of a circular segment whose ra- 
dius is R', and abscissa x. Art. (88). Integrating this between 
the limits x = 0, and x = 06 = a, 
and calling the segment CBFG = D, 
we have 



tt" = CD = i- area of Ellipsoid. t^i: c a — b 
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If a s= & in the primitive value of u, we shall have 
tt ^f2^ad:: = 2*ax + C, 
for the surface of the circumscribing sphere. 
Let the area of a paraboloid of revolution be determined. 

214' 67 the substitution of the value of c2r, Art (201), in the 
general expression for v, we have for the surfiM» generated bj the 
revolution of a cycloid about its base, 

tt = 2^ V^rfydy{2r — y)"*. 
Placing 2r -- y = z, and integrating as in Art. (181), we have 

tt = 2^V2f(— 4r(2r - y)* + l(2r - y)* j + 0. 

Taking the area between the limits y = 0, and y = 2r, we 
have 

3 

for one-half the surface. The whole is V tht area cf the penera- 
ting circle. 

CUBATURE OF SOLIDS OF REYOLUTION. 

216. The operation by which the solid content, or solidity of a 
solid, is determined, is called its cubaiure. 

For the differential of a solid of revolution we have found. 
Art (90), 
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dv =s ^t^dxy or v=i/irj^dx (1); 

in which y and x represent the co-ordinates of the curve which 
generates the bounding surface, the axis of X being the axis of 
revolution. 

For the cubature of any particuhir solid ; tw findy from the eqtior 
tian of its meridian curves the value of y* in terms ofx; or from 
the differential equation of the curve, the value of dx in terms of y 
and dy, and substitute in the above formula (1) ; the result of the 
integration will be an expression for an indefinite portion of the 
solid. 

216. Let the rectangle ABCD revolve about AB and generate 
a right cylinder. The origin of co-ordinates being at A, the equa- 
tion of DC will be, 

y = AD = J, 

then 



V =Lfnefdx =^f^Vdx = ^Vx + C. 

Taking this between the limits £ = 0, and x == AB = A, W6 
have 

v" = ^b^h = the base into the altitude. 



217. The equation of the ellipse gives 




whence for the ellipsoid of revolution 
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EstimatiDg the solidity from the i)1aiie through tlie centre, per 
pendicular to the transverse axis, we have x = 0, C = 0, and 

a«^ 3 ' 

Making « = a, we obtain for one half the solid 

7^^ 3' 3 ' 

and for the whole 

l^tVa := IcM X 2a; 
3 3 

ir, equal to two-thirds of the circumecrihing cylinder. 
If the same ellipse revolve about its conjugate axis, we hayA 

which between the limits y = — 6 and y = 6, gives 



»" = -ca'ft = lea' X 26. 
3 3 



The latter solid is called the oblate spheroid^ and the former*the 
prolate spheroid, and we have the proportion 

the prolate : the oblate : : —itb*a : -ca'A : : h : tu 
^ 3 3 

If m either expression a =r ft, we have 

— ra' = solidity of a sphere. 
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Let the origin be now taken at A, when 

y»=*!(2a*-*'), 
or 

and the solidity be determined. 

Give also the cubature of a sphere directly, by using the equation 

y* + i» = r*. 

218. Give also the cubatures of the following solids of revolu- 
tion: 

1. The right cone, v" = base x i of altitude. 

2. The paraboloid, v" = i circuniscribing cylinder. 

8. The solid generated by a given portion of the common para- 
bola revolving about the tangent at its vertex, 

V*' = I cylinder with same base and altitude. 

4. The solid, the bounding surface of which is generated by 
the curve whose equation is y* = - • 

5. The solid, the bounding surface of which is generated by 
one branch of the cycloid revolving about its base. 



APPLICATION OF THE CALCULUS TO SURFACES. 

219. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 
39 
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u = F(x,y,z) = (1); 

or since either two of these variables may be assumed at pleasure, 
and the remaining one determined from the equation, the latter 
may be regarded as a function of the other two, they being entire- 
ly independent of each other, and the equation of the surface be 
thus otherwise expressed, 

« =yi^vy) (2). 

In the equation of every surface considered, z will be regarded 
as a function of x and y ; and the co-ordinate planes will be taken 
at right angles to each other. 

The differential equation of a surface may then be obtained* 
either by differentiating equation (1), as in article (54), or by 
differentiating equation (2), as in article (49). By the latter 
method we obtain 



^'' = di^ + dy^y w. 

220. Let M be any point of a surface, a portion of which is re- 
/ presented in the annexed figure, 

The co-ordinates of this point 
are 

x = Ah, y = AC, 2 = MP. 

Let a plane be passed through 
M parallel to YZ. For every 
point of this plane 

* = A6 = «" . 

If, then, in the equation of the 
surface, we make x = x'^ , and 
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suppose « and y to vary, they can only belong to points in 
the curve dVid!^ the intersection of the plane and surface ; and if 
we suppose y to receive the increment CC = Xr, we shall have, 
by Taylor's formula, 

N'Q' =/(.".y + *) = « + |t + g^^ + Ac. 

in which x is regarded as constant and equal to x". 

In the same way, if y = y" in the equation of the surface, 
and z and x vary, we shall have the curve eMN, and if x 
receive the increment W = A, 

If now X and y at the same time receive the increments h and 
h respectively, we have. Art. (46), 

M'P' = *'=y(x + A,y + *) = z + ^fc + g^ + &c 

+ 5pr2 + *'^ 






by making 



dz dz d^z 
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When X = x", equation (3) gives 

equations which evidently belong only to the section c/McT 
parallel to YZ. 

If y = y, the corresponding equations for the section paral- 
lel to XZ are 



^2 = — -ir = pcLr, or -y^P (5). 

ax ax 



dx 
The value of r- , equation (4), is the tangent of the angle 

which a tangent to the section dMd', at any point, makes with 

the axis of Y, or with the plane XY ; and -j- , equation (5), the 

ox 

corresponding expression for the section eMN; and since these 

angles are the same as those made by the curves at the point of 

contact, with XY", they give the inclination or ilape of the surfisice 

in the direction of these curves. 



221. If it be required to find the slope of the surface at any 
point, as M, along the section MM' made by the pkne MM'PP', 
we tako the equation of this plane 

y = oo; 4- P (1) , X indeterwinate ; 



a being the tangent of the angle made with the )uds of X by 

dy k 
the trace PP', and equal to j~" = r • 

Now m order that z shall represent only the ordinates of points 
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in the section MM', the relation expressed in equation (1) must 
exist between the variables x and y, and we must have 

<f y =s adx, 

which in equation (3) of article (219), gives 
dz =z (^p + ap')dx, 

M'P' — MP 
The limit of the ratio ^^^ is evidently the tangent of 

the angle (8) which the tangent, and consequently the curve at 
the point M, makes with PP', or with the plane XY. 

But since 





PF = 


Vp'Q' + PQ' = AVl + tt', 


we hare 










M'F - MP 
PP' 


z' -t 




AVl+a'' 


the limit of which is 








1 


dx 

X -7- = 

I dx 


Vl + a' 



To find the direction in which the section MM' must be made 
in order that the slope at a given point M, along the curve cut out, 
1)0 greater than along any other, it is only necessary to obtain that 
value of a which will render the expression 



a maximum, the values of p and p^ being taken at the given point 
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M. Differentiating the expression with reference to a, and pbicing 
the result equal to 0, we have 

^-^ ==0; 
(1 + a«)* 

whence 

P 

This value of a substituted in equation (1), (/S basing first deter- 
mined by the condition that the line PP' shall pass through P), 
will give an equation, which, combined with that of the sur£ftoe, 
will determine the line of greatest slope. 



222. The co-ordinates of a given point M, being «", y", and «" ; 
the equations of a tangent to the section parallel to XZ at this 
point, will be 

2 — x" = m(« - «")» y = y"; 

and to the section paraUel to YZ, 

X- 2;" = n(y-y")» « = «"; 

in which m and n represent what -- and ~, equations (5) 

dx dy 

and (4) of article (220), become, when aj", y" and r" are substitu- 
ted for X, y and r. 

The line, of which the equations are 

is perpendicular to both of these tangents, and, of course, to their 
plane, which is tangent to the surface. This line is then a nor- 



INTBORAL CALCULUS. 311 

nud to the Bur&ce at the given point The equation of a plane 
passing through this point is 

A{x '-x") + B {y^r) + C(« - 1") = 0. 

To make this plane tangent to the surface, it is necessary to in- 
troduce into its equation the conditions that it be perpendicular to 
the normal, which are 

A=— mC, B=— nC; 

whence 

- m{x - X") - n(y - y") + (z - x") := 0, 

or substituting for m and n their values, -r-^ and -r-^, , and 
reducing 

S^*' - *") + 0S-(y - y") -{'- «") = (1). 

The equation and differential equation of the Ellipsoid are 
M«" + Ny*-f L«» — P = 0, and mdz + 'Sydy + Lxdx = ; 

whence 

which in equation (1), after reduction, give 

Lx''{x — X'*) + Ny"(y ~ y") + M«"(z - 2 ') = 0, 
or since 
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- Lc"« - Ny"« — Mz"« = - P, 

Mz«" + Nyy" + Lxjr" — p = o, 

for the tangent plane to the ellipsoid at a given point 

It* M = N = L, V, e have, for the tangent plane to the sphere, 

2z" + yy" + arjr" — R« = 0. 

The distance from any point of the normal to the point of 
eontact is, 

D = -/(« - ^0' + (y - y'T + (» - «")' 



= («" - z)^ 1 4- m« + n«. 
K « = 0, we have 



D = z'V 1 + m« -h n*, 

for the distance from the point of the normal in the plane XT, to 
the point of contact 



223. One surface is osculatory to another, when it has with it 
a more intimate contact than any other surfiEU» of the same kind : 
and the conditions which must exist in order that a surface, given 
in kind only, shall be osculatory to a given surface at a given point 
can be determined by a method similar to that pursued in articlf 
(97). But from the nature of the case these conditions are more 
numerous and complicated, and their determination more difficult ; 
10 much so as to render osculatory surfaces of little use in the 
measure of curvature ; hence another method has been devised 
which will now be explained. 
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Let M be any point of a surface, at which it la proposed to ex 
amine the curvature. Let this point 
be taken as the origin of co-ordinates, 
and let the normal at this point be the 
axis of Z, the axes of X and Y having 
any position in the tangent plane 
XMY. The equation of the surface, 
Art (219), will be 



«=yiar,y).. 



..(1). 




Through the normal let any plane ZMX', making an angle 9 
with the plane ZX, be passed ; it will cut from the surface a curve . 
MO. For any point of this curve, as O, denoting the abscissa 
MX' by a/, we shall have 



a: = a:' cos 9, 



jf = a/ sin 9.. 



•(2), 



and these values, substituted in equation (1), will evidently give 
the equation of the curve referred to the two axes MZ and MX'. 
Now by varying the angle 9, all the normal sections at the point M 
may be obtained, and by examining the curvatures of these dijflfer^ 
ent sections at the given point, an accurate idea of the curvature 
of the surface may be formed. 

The general expression for the radius of curvature of one of 
these sections, Art (105), may be put under the form 



R 



o^^y 






(8). 



DiiBTerentiating equations (2), we have 

dx = dx' <x»ip, dy =:i3f tsa 9 (4) ; 
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and substituting these values in equation (8), Art (-'19), 

dz 

dx=z pco&^dx' + p' sinipdx'^ or -- =|>cos9 +;>'8in^ (5) 

Differentiating again, recollecting that p and p^ are implicit 
functions of a/, we have, Art. (220), 

or since equations (4) give -j— = cos 9 and -JL = sin 9, 

-—- = g co8'9 + 2q' coe^ sin^ + g" sin*9 (6). 

If these values of -JL and .-^ be substituted in expression (3), 
ax' ox" 

wc shall have the general value for the radius of curvature of any 

one of the normal sections. But as we only desire this value for 

the point M, we may first substitute the co-ordinates of this point, 

which are 

x" = 0, y" = 0, «" = ; 

and since the normal at this point coincides with the axis of Z, w^ 
must also jhave. Art. (222) 

g^=.0, |,= 0, or ;,= 0. y = 0. 

substituting these values in equations (5) and (6), and the result* 
in equation (3), we obtain 

j^ _ 1 Pj\ 

q C08*9 + 2/ CO89 sin^ + ^' sin*9 
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in which q^ ^ and q" aro what the partial diifereiitial coefficienU 
of the second order of the function z become, when is substituted 
for Xy y and z. 

Dividing by cos' 9 and recollecting that — - — = 1 + tang* 9, 

cos' 9 

this value may be put under the form 

R = 1 + ta ngTg .g. 

q + 2q' tang 9 + q" tang' 9 

We have taken the positive value of R, Art. (105), since, as the 
surface is represented in the figure, the sections are above the axis 

of X' and convex towards it ; — - must therefore be positive, Art. 

(83), and the value of R positive, as it should be when laid off 
from M above the plane XY. If the section at the point M lies 
below the plane XY, it must still be convex towards this tangent 

plane ; — . will be negative, and R negative, and must therefore 

be laid off from M below XY. 

By assigning all values to 9 from to 360^ in equation (8), we 
shall obtain a value of R for each normal section. Among these 
values there must be one which is greater, and another which is 
less than all the others. The values of 9 which will give these 
principal values of R will be obtained as in Art. (66). 

Differentiating equation (8), we have 

dK ^ 2{q' tang'ip -f (y - q'*) tangy - q') 
(i tang 9 {q + 2q' tang(p -f q" tang* 9)* 

If the denominator be placed equal to 0, we shall obtain values 
of the tang 9, which, when real, will reduce the value of R to in- 
finity. The curvature of the corresponding section will then be 
zero, and the section itself a right line, or the point M a singular 
point. Art (92), cases which do not occur in all surfaces. Let us 
then place the numerator equal to 0, wo thus have 
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taiig*9 + - — r- **°« (p - 1 = (9). 

9 

This being either of the first or second form of equations of the 
second degree, the roots -will always be real and their product 
equal to — 1, that is, denoting them by tang 9' and tang q>'* 

tang 9' tang 9'' + 1 = ; 

hence the normal planes in which the greatest and least radii of 
curvature are found, must be perpendicular to each other. Tlieir 
exact position will be determined by solving equation (9). 

The values of tang 9' and tang 9" being determined and the 
I „ traces of the normal planes con- 

structed as in the figure ; let us 
take MX" as a new axis of X, 
and MY" as a new axis of Y, 
and suppose the surface to be re- 
c ferred to them with MZ as an 
axis of Z. Then we must have 
for these new axes 

tang 9' = 0, tang 9" = « , tang 9' + tang 9" = 00 , 

which requires in equation (9) that q' = 0. Substituting this 
value of q^ in equation (7), we have 




R = 



q cos' 9 + 9" sin* 9 



.(10). 



Substituting in this the values of 9, corresponding to the maxi- 
mum and minimum radii as above determined, viz. 9 = and 
9 = 90**, and denoting the values of the principal radii thus deter- 
miaed by R' and R", we have 
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R' 



K" = 4... 



and finally from equation (10), 

j^= 5rcos«(p + q'' %m^(^ = lcos«(p +l-sin«(p, 

which expresses the reciprocal of the radius of curvature of any 
normal section, in terms of the principal radii and the angle 9. 

If R' and R" are both positive, all values of R will be positive, 
and the greatest of the two will be a maximum, and the least a 
minimum, and all the normal sections at the point M will lie above 
the plane XY. 

If R'' and R" are both negative, the sections will lie below XY. 
If one is positive and the other negative, a part of the values of R 
will be positive and a part negative, and a part of the sections will 
be above and a part below the plane XY, and this plane will cut 
the surface at the point M, giving a point analogous to the point 
of inflexion. Art. (92). 

If R' = R", all the values of R become equal to R' or R", 
and the curvature of all the sections will be the same ; as at any 
point of a sphere, or at the vertex of a surface of revolution. 



224. To determine a general expression for the solidity of anv 
solid ; denote the solid AiPc-MZ, included 
by the surface, the co-ordinate planes and 
the parallels ece' and dhd'^ by v. Since, by 
the equation of the bounding surface, z 
will always be given in terms of x and y, 
the solid may be regarded as a function of 
X and y. Let x be increased by A, y re- 
maining the same, we shall have the solid 
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dx ^ d:^ 1.2 



If y be increased by k^ and « remain unchanged, we shall bare 
vjie solid 

If now X and y be increased at the same time by the variables 
h and k respectively, we shall have the solid whose base is 
cPft^P'c', or 

dv d^v 

Subtracting the sum of the first two, from the last, we have 

Wtd PQP'Q' - MM' = -^ *jt + TiS^ZJ- A** + *c. 
dxdy 1.2(tr*rfy 

If through M and M', planes be passed parallel to XY, two par- 
allelopipedons will be formed, having the common base PQP'Q' 
and the altitudes MP and MT' ; the limit of the ratio of these 
solids will evidently be equal to unity, and since the solid 
PQP'Q'-MN is always less than one and greater than the 
other, the limit of its ratio to either will also be unity, Art (85). 

The solidity of the first parallelopipedon being AXr.MP, we have 
the ratio 
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dxdy '^dx'dy 1.2"^ _ dxdy'^ dal'dyl.^'^ ^' , 
Aifc.MP "" z ' 



and passing to the limit 



(Ptr 






or 



<i)_. 



<£)= 



-^ — ^« d(-)=«rfft 



Integrating with respect to x. 

From this 

dv = dyfxdx + Ydy. 

Integrating both members with reference to y, 
v=/rfy/«fa:+/Ydy + X, 

or Art (164), 

v =zf*zdydx +fYdy + X. 

Since the integral/rdo; + Y is evidently the area of one of the 
parallel sections as eMe' ; to obtain the whole solidity represented 
in the figure, we must first take the integral between the limits 
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« = and X =€6* f and then the second integral between the 
timite y = and y = AY. 

To illustrate, let us determine the solidity of the pyramid 
ABD - C ; the equation of the plane BDO, being 

« + 2y+3x— 2 = 0; 

whence 



2 — 2y — a? 
• = 3 



The equation of DC is 
a? + 2y = 2, or a: = 2 — 2y, 

AD=1, AC = 2, AB = |, 



V =fhdxdy =/dy/dx^— |!— ^. 



Infegrating with respect to x, 

or taking the integral between the limits 

x = and a; = ce' = 2 — 2y, 

« 

Integrating now with reference to y, between the limits 
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aji 



y = and y = AD = 1, 
we obtain for the solidity 



i, = i. = ix~xix- = lABxADxiAC 
18 2 3 3 2 3 



= BAD X - AC. 




225. Let BMM' be any curve in space, and B'PP' its projec- 
tion on the co-ordinate plane XY. 
Let the plane of the curve MM' 
make an angle fd ^ith the plane 
XY, and let its intersection with 
that plane be taken for the axis 
of X. Tlien, if the ordinate MQ 
be denoted by y', the area of the 
curve MM' will be 

s =fy'dx. Art. (203). 

But any ordinate PQ of the projection is plainly equal to 
the corresponding ordinate MQ of the curve multiplied by 
cos MQP = cos /3, or 

y = y' cos ^ ; 

hence the area of the projection B'PP', denoted by S, is 

S =/yrfx=/y'(Sbs ^ da; = cos ^fy'dx=. cos/S«; 

that is, the projection of any plane area is equal to the area multi- 
plied by the cosine of (he angle included between its plane and the 
plane of projection. 
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226. Now, let u denote the area of any curved surface. It will 
be a function of x and y. By a process identical with that of 
Art. (224), we shall find the surface 



MNM'N' =zS^hk + 



dPu 



dxdy dj*dy 1.2 






..(1). 



If a tangent plane be drawn at M, and the four planes PN, 
QM', Ac. be produced, they will form on the 
tangent plane the parallelogram MORS* 
The limit of the ratio of this parallelogram 
and the surface MNM'N' will be unity, as 
may be proved by a process similar to that 
pursued in article (80). 

The area of the parallelogram is equal to 
'its projection PQP'Q' divided by cos jS ; jS 
being the angle which the tangent plane makes with XY. But 
13 is also the angle which the normal MR' makes with MP or the 
axis of Z ; hence 




cos « = 



Vl +m' + n«' 



/ cfe dz\ 

— m and — n representing the tangents ( — j- and ~ 3- ) o^ ^^ 

angles which the projections of MR' make with the axis of Z, 
Art. (222) ; hence 



area MORS = 



PQP'Q' 



hk 



cos /3 



= hkVl+fn'+n\ 



Vl+m' + n" 
Dividing equation (1) by this, we have 
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MNM^F _ dxdy "*" d?d y 1.2 "^ ^' 

MORS - vT^T^^r:^ 

Passing to the limit, we have 







dhi 














+ n« 


= 1; 




irhence 














d?u — dxdyVY 


Arm- 


+ »', 




And 














u =pdxdyVl 


+ m> 


+ «♦. 




For the 


sphere, 


we have 








whence 




^+f + x 


' = R' 


1. 






dt 


X 


— X 




' »• 




dx 


2 -/R* 


-*»- 


-y* 


V- y 




dz 
dy'- 


y _ 


-y 




^ 




* Vr* 


-x". 


-i"' 




./T 






R 






4. «i« 4- n« = 


-— , 



and 



-/R« _ a^ - j^ 



sn 
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Making V\i* — y* = R', and integrating with reference to 
Xj we have 



=/Rdy f ^ =/IWy sin- * 



-/IWy fgjn-' " ■ + Y). 



■/R'-y* 



Taking the integral between the limits, 



we have 




* = <in4 x = et' = VR' — y*, 



« = /Rdyl. 

Integrating again, with reference to y, we 
have 



and between the lijnitf* y = 0, y = R, 



for one-eighth uf the ft-rtaoe. The entire snrfaoe is then 

4*E». 



PART III. 

CALCULUS OF VARIATIONS. 



FIRST PRINCIPLES. 

227. A function may be regarded as given, when the form of 
the algebraic expression, which determines the relation between it 
and the variable or variables, is given, and the constants which 
enter this expression are known. 

In this case, the only change which the function can be made 
to undergo, is that which arises from a change in the variables. 
When these variables receive infinitely small increments, the cor- 
responding infinitely small increment or change of the function is 
taken for the differential of the fwnction^ Art (91). All our pre- 
vious applications of the Calculus have been made to functions of 
tho kind above referred to, and the term differential can, with pro- 
priety, be applied to no other change. 

It will at once be seen, that if a function be not given as above 
described, but merely subjected to certain conditions, it may be 
made to undergo a change by altering the relation which exists 
between it and the variables ; and this may be done by changing 
either the form of the expression or the constants which enter it, 
in any way consistent with the given conditions. Now if such a 
change be made as to give another function consecutive with the 
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Jint^ the infinitely small change which the first undergoes is called 
it% variatiariy and the corresponding changes of the variables are 
their variations. 

The difference between the terms *^ differential*^ and "' variation,** 
will be made more plain by geometrical illustration. 

Let BC be any cur>'e, a function of x and y, of which M and M' 
are any two consecutive points, the co-ordinates of M being x and 
y. Now if the constants which deter- 
mine the curve be changed in any way 
so as to give a different curve B'C, t»- 
finitely near to BG, and so that the 
points M and M' shall take the posi- 
tions m and m\ Vp will be the variation 
of X and mS the variation of y, while 
PP' is the differential of x and APQ the differential of y, Art 
(91). 

The conditions under which the variation is made, may be such 
that one of the variables will have no variation ; and when this is 
the case, the operations to be performed will be much simplified : 
Thus, if it be required that the points 
M and M' shall be found in lines parallel 
to the axis of Y at m and m', Mm will 
be the variation of y, while x has no va- 
riation ; the differentials of x and y being 
PF and M'Q as before. 
As the differential » d3noi€d by the symbol d, the Greek char- 
acter ^ is used to denote the variation, and from the illustrations 
just given, it appears that while the former symbol denotes the 
changes which take place in pjissing from one point to another of 
the same curve the latter is used for a very different purpose, to 
denote the changes in passing from points of one curve to the cor- 
responding points of another infinitely near to it. 
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228. From the nature of the term as above explained, we see 
that to obtain the variation of anj function of x, y^ z, &c., we have 
only to put for x, y, r, &c., x + 6x^ y + Jy, <fec., and then take, 
as in the Differential Calculus, Art. (49), those terms of the devel- 
opment which are of the first degree with reference to the varia- 
tions of the variables : Or, since the development may be made 
precisely as in Art. (51), by substituting Jar, Jy, &c., for A, ky Ac., 
it is plain that we shall have 

6u = -—Jar -f —-Jy -f —-($« -f Ac 
ax dy at 

It is also plain that the principles contained in articles (13) and 
(15), as also the particular rules demonstrated in articles (18) . . . 
(24), are equally applicable to variations. 



220. In the function 

«=/W (1), 

let us substitute x •\- hx for a;, and denote the new function bj 
f\x) ; then by the definition. Art (22V), 

<Ji»=/'(x)../(x) (2), 

and since from the relation expressed in equation (1), ar is a func- 
tion of tf, the second member of equation (2) will be a function of 
V, and we may write 

hu = 9(ti) (3). 

If in this equation we put for k, « -|- <f m = «', we shall have 

Ju' = (p(i« ) ; 

•wbtracting equation (3) 
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6u* — ^U = 9(u') — 9(tt) := <2^(tf) 3= <^^ 

But 

tl' — fl =: dtf, 

and taking the variations, Arts. (13) and (18), we have 

Ja' — Jtt = 6du\ 
benoe 

Wu = <Wtt (4). 

That is; the variation of the differential of a functimt, is equal 
to the differential of its variation : Or wh«n both of the symbols 
d and ^ arc prefixed to a function, the order in which thej are 
written, or in which the operations indicated are performed, can be 
changed at pleasure without affecting the result. 

The principle above enunciated is true for anj order of the dif- 
ferential ; for if in equation (4) we put du for f/, vce have 

^{da) = dMu or Mhi = dd6u = (P^u. 
If in the last equation we put du for u, we have 

i<f(du) = d}6du, or ^(f a = <P^u , 
and so on ; hence we may conclude that, 

230. Let t^ be any differential of a iunction of x^ and place 
fv = v\ then dv^ = r, 

6dv* = iv, or div* = 6v, 
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and bj integration 

Sv* ==y"fo, or i/v rzzfdv. 

The principles demonstrated in this and the preceding article, 
are evidently true for functions of any number of variables ; since 
the variation of the differential of such a function is but the sum 
of the partial variations, and the converse. 



231. In order to consider the subject of variations in its most 
general sense, when applied to differential expressions, we must 
regard the differentials of all the variables as variable, as well as 
the variables themselves. In this sense, if u be a function con- 
taining X, y^ and their successive differentials, we shall have« 
Art. (228), 

Su = Mfo + M'6dx + M"6(Px + Ac. 

(1). 

+N(5y + W6dy + N"(5(Py + &c. 

in which M, M,' M" &c are the partial differential coefficients of 
u taken with respect to a;, dx, cPx, <kc. ; and N, N', N" <fec., the 
corresponding ones taken with respect to y, rfy, d'y, «fec. ; and if 
this expreasion be first extended to any number of variables, by 
adding for each an expression of the form 

USx + WSdx + M"5cP« + Ac. 

it may then be made to give every particular case which can 
arise, by making the particular suppositions upon dx, d^Xj dy^ 
d?y^ Ac, which the case requires. 

We often meet with differential expressions containing only the 

variables rr, y, — = |>, •— = ^, kc If we denote such expression 

by V, we shall have, aa in Art (228), 
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6v = mx 4- Niy + N'op + y"6q + <tc (2). 

And if tbis expression be taken in its most general sense, dx must 
be regarded as variable, in which case we put for 6p, 6q, d^c, their 
values obtained as in Art. (24), viz., 

^ ^dy dxSdy — dySdx d6y — pd6x 

*-p=*si = — d? — = — ^ — ' 

^ dp dxddp — dpSdx dSp — qddx 

** = ^di = — d? — = — a — 

If <2jr be regarded as constant, equation (2) is under its most 
simple form. 

232. K u be still regarded in its most general sense, we havei 
Art (230), 

and by the preceding article, 

/6u = f{M6x + M'W« + M"W»« + Ac.) 

(1). 

+Jimy + N'icfy + N"6d«y + Ac) 

By the application of the rule for integrating by parts, we find 

fW6dx =:fWd$x = U'6x -^fd!A'Sx; 

fWWx ==:fWd^6x = WdSx -fdhl^'dSx 

= W'dSx — d^"Sx +fd^''6x; 

fW^d^x =:fWd^6x = M'"d«ia? — /dM'"£Pfe 

= W'd'Sx - rfM'"iMa? +fd*Wd$x 
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Also 

fW6dy = N% -/rfN%; 

Observing that the second member of equation (1) is equal to the 
sum of the integrals of the terms taken separately, and substituting 
the above values, we obtain, 

f$u = (M' — (fM" + cPW" - &c.) 8x + (M" - dlSi'" + &c) d$x 

+ (M'"— &c )(PSx + &c 

+{W - dN" + (TN'"- kc)6y + (N" - rfN'" + &c.) % 

+ (N'"-&c )d*Sy+Ac ^ 

+yi[M - dM' + (fM" - d»M"' + &c.) (Ja? 

+/(N - dN' + rf'N" - d^'" + (fee.) tJy. 

By examining the above expression, it will be seen that there 
is no term under the sign / which contains the symbols d and 6 
applied the one to the other ; and also that the parts containing 
dx are exactly similar to those containing Sy. The formula 
may therefore be extended to any number of variables, by 
adding for each new variable similar parts containing its variation. 



233. It should be remarked, that if the multipliers of Sx and 
^y following the sign y, in equation (2) of the preceding article, 
are both equal to zero ; fSu will be complete, or 6u will bo the 
differential of some function. But in the expression 
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it IS endent that if fu contain any terms which can not be freed 
from the sign/, J/u must contain the variations of these terms 
still imder the sign, and f6u can not be complete. Hence if 6u is 
a differential, u itself must be so. And conversely ; for if yu is 
entirely freed from the sign/, then 6fu can not contain this sign, 
and its equal J^u must be complete, or Ju be a differential. 
Hence if the conditions 

M ~ ift£' + d»M" — Ac = 

N - dN' + (PN" - &c. = 0, 

are satisfied^ u will be the differential of some function, which may 
be obtained by integration. 



234. Let us now take the expression yWar, in which f, as in Art. 
(231), is a function of z, y, p^ q, d^c, we have, Arts. (19) and (127), 

6fvdx =iJZ{ydx) =zfvSdx +fdxSv, 

But, Art (140), 

fv6dx =sfvd6x = vSx ^ fdvbx\ 

henoe 

Sfvdx = vix +f{dxSv — dvSx) (1). 

Substituting in that part of the second member which follows 
the sign/ the values of dv and Sv, Arts. (61) and (231), 

dv = Mdx + Ndy + N'dp + N"</g + &c.; 
Sv = mx + my + W$p + W6q + &c; 
we have 
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dxSv — dv6z = N(djr6y — dy6x) + W{dxdp — dpSx) 

+ W{dxSq - dqSx) + &c (2). 

Since dy = pdx, we have 

dx6y — dy$x = dx{Sy — pSx) = (,)dx^ 
by making 6y — pSx = w. 

Also, if for Sp we put its value, Art (231), we have 
dxSp — dpdx = dSy — ^5x — dpSx = d(Jy — /)Ja?) = du. 

If in this last expression we put p for y, and g for/), and recol- 
lect that g = -=?, we have 
ax 

dxSg - dqSx = d{Sp - qSx) = d^dxSp-_^\ ^df^£\. 

Substituting these values in equation (2), and prefixing the sign 
yj we have 

f{dx5v - dvdx) =:/^uidx +/N'd« +/N"d/'^\4.Ac (3). 

« 
Again by Art (140), 

/N'd« = N'w — f—^dx, 
J dx 

•' dx dx J dx 

Now substituting these expressions in (3), and the result in (1), 
we obtain 
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6fvdx = v6x + (w - J^ + <kc.V + (N" - &c)— +Ac 
\ dx J dx 

If we DOW put for u iU value ^y — pdxy the part affected with 
the Bigny*will become 

/(N - ^ + &c)dx5y - /(N - ^5^ + &c)ixW«. 
ox ox 

From which we Ree that, in this case, the coefficients of Sx and 
8y have such a rehition that if one becomes equal to zero the other 
will. 



235. The principal, and far the most important application of 
variations, is to the determination of the maxima and minima of 
indeterminate integrals, that is, of integral expressions of the form 

fVdx^+dt/', f^dx k^ 

containing x, y, Arc, and their differentials, in which the relation 
between the variables is entirely unknown. Thus, if it be required 
to determine the relation betw^een x and y, in order that firfdx 
taken under certain conditions, shall be a maximum or minimum, 
the problem is one not capable of solution by the ordinary method 
of article (66), since the principles there developed require the 
form of the function to which they are to be applied, and the con- 
stants which enter it, to be given ; whereas the object now pro- 
posed, is to ascertain what this form and these constants must be, 
in order that the expression, when subjected to the given condi- 
tions, shall be a maximum or minimum. Questions of this kind 
are readily solved by the aid of variations. 
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230. Let tt be a function of the nature discussed in Art. (231), 
and suppose x^ dz, y, dy, <S:c., to be increased by tbeir variations, 
and let the difference between the corresponding function u' and u 
be developed, which is done at once, by putting 6x, iy, Sdx^ Ac, 
for A, k, Ij d^c, in the development of Art (51), we shall thus 
obtain 

ti' - tt = M& + my + WSdx + N'% + Ac, 

plus a term*of the second degree with respect to dx, Sy^ &c ; plus 
other terms. 

By the same course of reasoning as that contained in Art. (74), 
we see that u can be neither greater nor less than u', for all values 
of 5x, 6y, <fec., unless the term, of the first degree with reference to 
these variations, is equal to zero. But this term, Art. (231), is the 
variation of u : Ifence in order thatu he a maximum or mini" 
mumy 6u must he equal to zero. ^ 

If the conditions which make the variation of u equal to zero, 
make the term of the second degree, in the above development, 
positive, for all values of Sx, Sy, &c^ u will be a minimum ; if nega- 
tive, u will be a maximum. The discussion of the various circum- 
stances in which this term will not change its sign, is of too com- 
plicated a nature, and likely to lead too far, for an elementary trea- 
tise. Neither is it necessary, in general, as we shall be able, from 
the nature of nearly every case, to determine without a reference 
to this second term, whether we have a maximum or minimum. 

237. In the application of the foregoing principles to the inde- 
terminate integrals referred to in Art. (235), it may at first be re- 
marked, that if the integral be indefinite, Art. (132), from its nature 
it can have no maximum nor minimum. The application can then 
only be made to definite integrals, or those which are taken be- 
tween some well defined limits. 

If then, it be required that/u be a maximum or minimum, we 
may write the variation of /u. Art (232), thus, 
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^fu ^=iJou = mZx 4- w^y + ni'Mx 4* n'ody + &c., 
+ /(Wx + A'oy) (1), 

and this when taken between the prez^ribed limits must be equal 
to zero. 

We have seen, Art. (233), that this expression can not be in- 
tegrated unless the quantity following the sign yis equal to zero: 
Tliat is, there can be no integral to be taken between liniita, and 
of course, no maximum nor minimum. We must then have for 
the first condition 

kix + JtMy = (2), 

and since, in general, this must be so for all values of 6x and Jjf, 
which are independent of each other, we must also have 

1: = and F = 

or, Art (232), 

M — cfM' + d»M" — <fec. = 

N - dN' + rf*N" - &c. = 

Again ; if we denote by / and V the results obtained by substitu- 
ting the limits in succession, in the remaining part of equation (1), 
we must have for a second condition, 

/' - / = (4). 

Should there be more than two variables in the function ti, the 
quantity following the sign f in equation (1), will consist of a& 
many terms as there are variables, each of which, if the variations 
are independent of each other, must be placed equal to zero, and 
will thus give an equation expressing a relation between these 
variables and their differentials. 



.(3). 
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If, however, the conditions under which the variations are made 
are such as to render these variations in any way de[)endent, we 
shall be able, by means of the equations which express these con- 
ditions, to eliminate from equation (1), one or more of these 
variations ; then by placing the coefficients of thase which remain 
under the sign f^ equal to zero, we shall have a system of equa- 
tions from which we may determine the nature and extent of the 
required function. The system of equations (3) will, in every 
case, express the relation which must exist between the variables 
and their differentials, in order that the function shall 1)e a maxi- 
mum or minimum, but they must be subjected to the conditions 
deduced from the equation 

Z* - / = 0, 

which can, of course, contain no variables except those which belong 
exclusively to the limits. 

Where u is under the form War, it has been seen, Art. (234), 
that the two equations (3) will both be satisfied, if one is. They 
will therefore give but one independent equation. 

llie solution and discussion of the following problems will serve 
to illustrate and more fully develope the preceding principles. 



238. Problem 1. — Required the nature of the shortest line 
joining two given points in a plane. 

Let a/, y', and ar", y", be the co<>rdinates of the points. The 
general expression for the length of the line. Art. (197), ia 



z=fy/d?Tdp. 
Taking ihe variation of this, we hare 
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which upon comparison with equation (1), Art. (231), gives 

M = 0, N = 0, M' = ^, N =§?, 

az az 

and all the other terms equal to zero. Henoe equations (3), of 
the preceding article, become 

whence by integration, 

dz dz 

Eliminating dz and integrating again, we have 

dy = - rfx =: adx, y = cjr -f h (1), 

which gives the required relation between y and x, and indicates 
that the line must be straight. 

The first part of equation (2), Art (282), becomes 

M'fe + N'Jy. 

Since in this case the limits x* y* and x" y" are absolutely fixed, 
we must have rtx', Sy\ Ac, equal to zero, which being substituted 
in tho al)ove expression give 

}iV6x' -f- N'^y = W6x" 4- N%" = 0, 

whence results the fulfilment of the second condition 
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and it remains only to determine the constants a and b, in 
equation (1), on condition that the line shall pass through tlie 
two given points. 



239. Problem 2. Required the shortest line that can be 
drawn from one given curve to another. 

Let 

y ^J{x) and y ^f{x) 

be the equations of the curves, their differential equations being 

dy=p'dx dy=p''dx (1). 

As in the preceding problem, we have 

, =/i/^:m/ s/u = f(^£ sdx + g w A 

from which is deduced, precisely as before, the equation of the 
required line 

y = ax ■\' h (2). 

But since the ends of this line must be in the given curves, the 
variations of x and y, at the limits, must be confined to these 
curves, that is, 5y', Sx\ Sy", Ja:" must be the same as dy and dx 
in equations (1), whence 

Sy* =p'Sx' Sy'' =p"Sx". 

Substituting these, in succession, in the first part of equation (2), 
Art (232), and subtracting the results, we must have 
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and since this contains two independent variations, it can only be 
Mtisfied by making the coefficients separately equal to zero ; hence 

dx' + dy'p' = dx' + dy^'j/' =i 0, 

whence 

dy 2 ^-._1 

dx* '" p* dx"' "" p" ' 

But these arc the equations of condition that the required line 
shall be normal to both curves at the pointa {x* y'), {x" y")^ res- 
pectively, ^rt (81). 

In order to determine the constants a and b in equation (2), we 
must first find the values of x*, y, x", y", on condition that the 
normal to the first curve at the point {x', y') shall also be normal to 
the second at the point (d/', y"), and then cause the line to pass 
through these points. 

240. Problem 3. — Required the shortest line, on the surface of 
a sphere, joining two given points of the surface. 

Let the equation of the sphere be 

x» + y» + ^=R« (1). 

The general expression for the length of a line joining the tr$ 
points will be, Art. (91), 



the variation of which is 
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*••=/(& 



'\dw ^ dw ^ ^ dw J' 



whence, bj adding an equation containing dz to those of Art 
(238), and comparing, we find 

M' = ^ N' = ^ P' = — 
dw dw dio ' 

I 
and thence the first condition required in Art (237), 

<s>-<i>+<^>=» «• 

But in this case the variations must be confined to the surface 
of the sphere, that is, taking the variation of equation (1), we must 
have 

2xSx + 2y6y + 2z&z = 0. 

Combining this with equation (2), and ehminating ^x, we obtain 

which, containiog two independent variations, gives 

Now if we regard dw as constant, these equations become 
zd^x — xd?z = zd^y — yd^z = 0, 

from which we deduce 

xd?y — yd^x = 0. 
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Integrating the last three equations, we have 

zdx — xdx = o, Tdy — ydz = J, xdy — ydx = e. 

Multiplying the first by y, the second by — ar, the third by x, 
and adding, we obtain 

ay— 5j? + c« = (3), 

which is the equation of a plane passing through the centre of the 
sphere. The required curve must lie in this plane, and therefore 
is the arc of a great circle. 

The limits in this case, as in problem 1, being absolutely fixed, 
we have at once, as in that problem, the fulfilment of the second 
condition 

/' - ; = 0. 
Equation (3), may be put under the form 

^y r 4. « == 0, or a'y -- b'x + z = 0, 

c c 

and the constants a' and h' determined, by causing the plane to 
pass through the given points. 

241. In many cases where there are conditions confining the 
variations, whether at the limits or not, the method of reducing 
the number of independent variations explained in Art. (237) and 
pursued in Arts. (239-40), will be found of very difficult applica- 
tion. In all these cases the following less direct, but very elegant 
method may be used. I^et 

r = « = Arc 

be the equations between a;, y, (fee, expressing the conditions 
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to which the variations are subject ; then at the same time that 
we have 

6/u = 0, 

we must also have 

Sr=0 Ss = 0, <fec., 

or denoting by c, c', <fec-, arbitrary constants, we must have the 
equation 

Sfu + cSr 4- c'Ss +*&c. = (1) 

for all values of the variations of x, y, &c. Placing the coefficients 
of these variations separately equal to zero, we obtain equations 
from which we can eliminate the constants c, c', drc, and thus 
deduce an equation or equations which will express the proper 
relation between x, y, &c. As an illustration let us take, 

Problem 4. — Required the nature of the line, of a given length, 
joining two points, which with the ordinates of the points and 
axis of X, will inclose the greatest area. In this case we have, 
Art (203) 

5fu = Sfydx, 

and since the length of the arc between the limits is to be const <mt| 
the variations must be subject to the condition 

fdz ==fVda* + df = a; 

hence 

SfVda^ + df = 0. 

Equation (1) will then become 
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^fydz -f- c^fy/dx" + d/ = 0, 
or putting for the variations their values, we have 

jLbdx + dxSy + frf£^ti^!^y\ = 0. 

Comparing this with equation (1), Art. (231), we see that 

M = 0, M' = y + c^, N=rfar, N' = c$f, 
02 dz 

and these being substituted in equations (3), of Art (237), give 

and by integrating 

dx . dy 

9 + Cj^^b .-c^=6'. 

Eliminating c from these two equations, we obtain 

dy ar-y 

flte *" y — h 

which is evidently the differential equation of a circle whose 
equation is, (Art. 98), 

(y-by + (x-b'y = w. 

&, 1/ and E being arbitrary constants, which must be determined on 
condition that the circle pass through the two given points, and 
that the included arc be of the given length. 
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